Tom Bella

A Parker-Forney-Traub-type algorithm for
Q/S-Hessenberg-Vandermonde matrices

Tom Bella
Department of Mathematics

University of Connecticut
Storrs, CT 06269 USA

IWOTA 2005 - Storrs, CT, USA Page 1



Tom Bella

Outline

A Parker-Forney-Traub-type algorithm for Q/S-Hessenberg-Vandermonde matrices
[] Quasiseparable matrices & Special cases
L] A Class of Polynomials

[] Recurrence relations & Complexity

A Bj orck-Pereyra-type algorithm for Szeg 06-Vandermonde matrices
[1 Classical Bjorck-Pereyra algorithm
[1 Algorithm for Szego-Vandermonde matrices

[1 Numerical experiments

Equivalence of Hadamard & PN Matrices
[1 Hadamard-Sylvester matrices

[] Pseudo-Noise matrices
[1 Equivalence

IWOTA 2005 - Storrs, CT, USA Page 2



Tom Bella

A Parker-Forney-Traub-type algorithm for
Quasiseparable-Hessenberg-Vandermonde matrices

Joint work with V.Olshevsky

IWOTA 2005 - Storrs, CT, USA Page 3



A Parker-Forney-Traub-type algorithm for Q/S-Hessenberg-Vandermonde matrices Tom Bella

Quasiseparable Matrices

[1 Definition. A matrix C'is quasiseparable of order one if

max RankC'|», = max Rank(Cy; = 1

where the maxima are taken over all symmetric partitions of the form

* ‘012
021‘ %k

C:

[] Previous Work. Gohberg-Kaashoek-Lerer, Dewilde, Gohberg-Eidelman, Van Barel et
al, Tyrtyshnikov et al, Bini et al.

[1 Associate with a matrix C' a system of polynomials /2 consisting of the characteristic
polynomials of principal submatrices of ('

ri(z) = det(Rpxp — x1)
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Generators of a Quasiseparable matrix

[1 Can be represented in terms of their generators :

Diagonal entries
dk k= 1, e

Lower Generators Upper Generators
Dk k=2,...,n gk k=1,...,n—1
ag k=2,....n—1 by, k=2,....n—1
qr Ek=1,....n—1 hp, k=2,...,n

[] Example. Interms of generators, with n = 5,

dy g1hs g1bahz  g1b203hs  g10203b4 N5
P2q1 d2 g2hs g203hy4 g203b4 N5
P3a2q1 P3G2 d3 gshy g3bshs
P4G3a2q1  P4G3G2 P4qs3 dy gahs
| P504G302G1 P5a403G2  P534G3 D544 ds ]
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Important Special Cases

Tridiagonal

[l Fora, = b, =0, p. = h;, = 1, the matrix becomes tridiagonal :

di g2 0 0 O
@i do g2 0 0
0 ¢ dy g3 O
0 0 g di ga
0 0 0 q4 d;

[] Corresponding polynomial system: Polynomials orthogonal on a real interval.
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Important Special Cases

Unitary Hessenberg

[1 For a;, = 0, then a quasiseparable matrix of the following form is obtained:

d
P2aq1
0
0
0

[] Corresponding polynomial system:

giha  gibshs  gi1babshy
da g2hs gobshy
P3q2 d3 g3hy
0 Paqs3 dy
y y D544

g1b20304 15
g2b3bshs
g3bshs
Galis
ds

Polynomials orthogonal on the unit circle (Szego).
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[] Systems of polynomials associated with a quasiseparable matrix

A Class of Polynomials

(Quasiseparable polynomials )?

ble matrices

Tridiagonal matrices, unitary Hessen-
berg matrices, semiseparable matri-
ces are special cases of quasisepara-

Polynomials orthogonal on (i) a real in-
terval, and (ii) on the unit circle are
special cases of quasiseparable poly-

nomials

Quasiseparable matrices

|

tridiagonal

Y

Y

unitary Hess.

semiseparable

Quasiseparable polynomials

|

real orthogonal

Y

Szeqgo polys

Y

PP7?7777?
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Fast Parker-Forney-Traub-like algorithms

[] Taking advantage of structure, fast algorithms are possible:

Parker-Forney-Traub (1964,1966) | Vandermonde matrices O(n?)
Gohberg-Olshevsky (1994) Chebyshev-Vandermonde matrices O(nQ)
Calvetti-Reichel (1993) three-term Vandermonde matrices O(n?)
Gohberg-Olshevsky (1996) Vandermonde-like matrices O(n?)
Olshevsky (2001) Szego-Vandermonde matrices O(n?)
Q/S-Hessenberg-Vandermonde matrices ?7?77?

[1 Gaussian elimination ignores these structures, and requires O (n”) operations.
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Parker-Forney-Traub-like Algorithm

[1 Parker-Forney-Traub-like algorithm . Based on the formula

- - -1

po(ﬂfl) p1(561) pn—1(331)
T T IO S -
Vol = po(w2) pi(z2) Pn—1(72) :['VPT'diag(Cl,CQ,...,Cn)
i pO(In) P1 (ajn) e pn—1<xn) |

where I is the antidiagonal matrix, ¢, = [1"_, (x; — )

j#k

[ Pis the system of Horner-like polynomials corresponding to the polynomial system F.

(When P is the monomial basis, this is the classical Parker-Forney-Traub (1964,1966))

[] What is the computational cost of this algorithm?
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Horner-like Polynomials

[1 Theorem. Let C' be a Hessenberg, quasiseparable of order one matrix with associated
system of polynomials F. Then the system of Horner-like polynomials < corresponds

to the matrix / - C7 - 1.

Q/S-Hessenberg Matrix

{ro(x),ri(x),...,rh_1(x)}

Polynomial System

Horner-like polynomials
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Recurrence Relations

[] Theorem. Let P be a system of quasiseparable polynomials with deg px(x) = k and
generators dy, P, Ak, Qk, Gk, Ok, . Let {x } be a set of n distinct nodes, and (3. the
coefficients of the polynomial () = [];_;(x —x}) decomposed in the P basis. Then
the Horner-like polynomials P satisfy the four-term recurrence relations

ﬁk:(f) — ¢k(iﬁ>ﬁk—1($) — Spk:(x)ﬁk—z(ﬂi) — Zk

bbb ot [ e o
di(w) = (dy—o) -2 g () = B (dy — )b — g

hkz—l hk—l
hbi_ 1
Rk = — = 5n—k+1 — = —Bn—k
Pr+1qkNk—1 Pk+14k

with di, = dp—k41, Dk = Qu—k+1, Ak = An—41, Gk = Pn—k+1, G = Nn—py1, b =
On—tk+1, ke = Gn—k+1-
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Complexity

[] The coefficients of () in the basis P can be computed in O(n) operations.
[ Each Horner-like polynomial can be evaluated at a given node in O(7) operations.

[] The total cost of the algorithm is O(n2) operations. Comparing this to the complexity of
Gaussian elimination, O(n”), we have the algorithm is FAST!
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The Bjorck-Pereyra Algorithm

[1 The Bjorck-Pereyra algorithm (1970) is based on the formula
1 -1

1 Ty T - 37711_1
1 T x2 .« o xn_l
pl=| o P =U; LU LY L
L oa, x) T
with
_ k - B T |
=" % !
(k)
| o -1 1
1 —1
— L, =
Uk ) ) k . _ _ 7
| o) —1 1

(] Fast: requires only O(n?*) arithmetic operations vs O(n?) of Gaussian elimination.
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Bjorck-Pereyra- like Algorithms

Tang-Golub (1981) block Vandermonde matrices
Reichel-Opfer (1991) | Chebyshev-Vandermonde matrices

Higham (1988,90) three-term Vandermonde matrices

L] If the polynomials are Szégo polynomials, the resulting matrix is a Szégo-Vandermonde
matrix.

-
o
=
g
g
-
\V)
8
—

an—l(xl)
gbn—l(x?)
Vo = | ¢o(ws) é1(ws) @alxs) -+ dpo1(xs3)

-
S
8
N
e
8
N
-
N
8
N

Go(Tn) O1(xn) G2(zn) -+ Gpo1(Tn)
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Formula

[ ] based on the formula
_ o1

do(r1) d1(x1) d2(1) -0 Pnoi(z1)
Vol — ¢0(:f02) ¢1(:332) ¢2(:332) ¢n—1:(5132) -
i ¢0(37n) ®1 (xn) ¢2(37n) ?bn—l(wn) ]
with
o _ >
0 %’ (k)
Uk _ . H — XkI | lel _ 51
0 |
0 0 0 +— | -

[1 H is Unitary Hessenberg .

—1
. Un—l
T 1
-1
5y

L—l

n—1 *--
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Unitary Hessenberg Matrices

—p1ph —P2P e e —Pn—ifn—2 HAP  —Prba—1 - HAPY ]
1 —pP2P] e+ oo —Pn—1fn—2° " H2P]  —Pnlin—1" " H2p]
0 2 ceveee TPn—1Hn—2" U3P3  —Pnfin—1" " 430
H= . . . . : .
—Pn—1Pn_2
0 ... 0 pn —1 —PnPr_1

[] For monomials (classical BP), the algorithm is fast because the H's are bidiagonal .

[] For the Szego case, the algorithm is fast using factorizations of H.

1. Factorization of H into Givens rotations

2. Factorization of // — x;./ using quasiseparable structure
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Decomposition of H into Givens (plane) Rotations

[] The details of the decomposition of H into Givens (plane) rotations

~

H = H(p1) x H(pz) x -+ X H(pn—1) X H(py)

H(py) = diag { Ij—1, % 'uf L —k—1
He  —Pk

~

H(pk) = diag {In—la IOk}

where
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Decomposition of H into Implicit Shifts

[1 The details of a factorization of H using Implicit Shifts :

H—z ]l =Ryx Ry x---xXR,_1 X R,

where
Ry = diag{[ 1 —p } ,]n_l} R, = diag! I, 1.
Pn
( 2, 0 0| ‘
R;. = diag } I;,_1, o 0 g |y In-gk—1p k=1,2,...,n—1
\ e Lo—pp ,

[] This factorization uses the quasiseparable structure of H — x,.1.
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Numerical lllustrations - 30 x 30 Matrices

[] We compare the forward accuracy of 2 from MATLAB in double precision by

x is “exact” solution from Maple v7 using software-implemented 40-digit arithmetic.
[1 log e gives estimate of number of correct significant figures out of 16.

[l The algorithms
e GBP/GBP-IS - Generalized BP alg. using plane rotations and implicit shifts, resp.
e GE2t/GES3t - Gaussian elimination with matrix derived from 2-term and 3-term recur-

rence relations, resp.

[l The nodes {gvk}zo:l are ordered using Leja ordering .
(See L. Reichel et al)
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Numerical lllustrations - Experiment 1

Effects of Conditioning

-4
10 . . . . .

— GBP

—— GBP-IS )

- GE2t \ L,
-6 -— GE3t A\ ,

R T 4
.(/ w ya

Relative Error

-16 i i i i

10

14

10 10 10

Cond(V)

10 10 10 12

16

10

10

18
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Numerical lllustrations - Experiment 2

Dependence on Direction

10 T T T T

— GBP
— GBP-IS
-— GE2t
— GESt

Relative Error
|_\
o
[

-10

10 "

; ; ; ; ;
0 5 10 15 20 25 30
Singular Vector

10
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Numerical lllustrations - Experiment 3

lterative Refinement

no refinement iterative refinement
# || cond(V) | GBP | GBP-IS | GBP | GBP-IS | GE2t | GE3t
1 le+07 2e-09 4e-09 le-14 9e-15 4e-13 | 6e-13
2 3e+07 2e-10 2e-10 4e-14 7e-15 4e-14 | 8e-14
3 1le+08 2e-10 2e-10 4e-14 2e-14 9e-13 | 2e-13
4 6e+08 6e-11 6e-11 3e-14 le-14 4e-13 | 4e-13
5 le+07 3e-10 5e-10 4e-15 4e-15 le-13 | 2e-13
6 5e+05 5e-10 3e-10 le-15 Oe-16 4e-14 | Te-14
7 3e+06 3e-10 le-10 le-15 le-15 2e-14 | 2e-13
8 1le+08 7e-10 6e-10 3e-15 4e-15 4e-14 | 3e-14
9 2e+07 8e-10 5e-10 2e-15 3e-15 le-13 | 9e-14
10 3e+07 5e-10 5e-10 3e-14 3e-14 8e-14 | le-13

IWOTA 2005 - Storrs, CT, USA
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Numerical lllustrations - Summary

[] Experiment 1 - As the condition number is raised, GE gives higher errors, but the GBP
& GBP-IS give lower errors.

[1 Experiment 2 - Unlike GE which is insensitive to the direction of the RHS vector, GBP
& GBP-IS are affected by the direction of the RHS vector.

[] Experiment 3 - With one step of iterative refinement , the GBP & GBP-IS both perform
very well in the previously noted cases where performance was poor (low condition
number).
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Transmission over Noisy Channel, No Coding Theory

ERRORS
_MESsAGE] ____Y¥YY.__ .| MEXSAXE
Noisy Channel

Transmission over Noisy Channel,  With Coding Theory

REDUNDANCY

l ERRORS

MESSAGEl = -y der EQREWORD _____ H_H_ _______ CODXWOKD 5 . 4o [ MESSAGE

Noisy Channel
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Hadamard Matrices

Hadamard matrices of size 1 x n, are (—1, 1) matrices such that

H'H, =nlI,

A special case: Hadamard-Sylvester matrices

H, H,
le[l]a HQn: |:Hn —Hn ]
For example,

(1 1 1 1]

1 1 1 —1 1 —1

o, = , H, =

1 —1 1 1 -1 —1

1 -1 -1 1 |
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Linear Recurring Sequences. A Matrix Interpretation

[ ] Linear m-term recurrence relation:
a; = aj_1hyn_1 +aj2hy o +---+ai_miihs +ai_nho fori >m

L1 m < m Matrix formulation

Caimn] [0 1 0 0 ... 0 Jlam |
A (m-2) o o0 1 0 ... 0 A (m-1)
& -m-3 [ |0 0 0 1 ... : Qi (m-—2)

: L 0 -
aj_1 o 0 0 ... 0 1 aj_2
K | | hg hy hy ... hy o hy || & |

[] The characteristic polynomial of degree m:

h(z) =2™ +hy 2™ 4 -+ hyx + hg
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PN Sequences

[] The sequence agajasas ... of m-term recurrence relations is periodic :
period < 2™ — 1.
[] Definition. A sequence with equality
period =2™ — 1.
is called a Pseudo-Noise sequence .

(1 For h(z) = z* + 2% + 1 (i.e., m = 4), and the initial state aya;asa3= 1000, the
resulting PN Sequence is given by

100011110101100 100011110101100 100011110101100. .. ...
period 15 period 15 period 15
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PN Matrices

[ For the PN Sequence listed above

100011110101100 100011110101100 100011110101100

0O 0 1

1

1
0

0O O

1

0O 0 1

1

O 01 0 0 O
0O 0 O
0O 0 O

1

0O 0 1

1

0O 0 1

1

0O 01 0 O O

1

O 0 1 0 O 0 1

1

1 0 0 O

0 O

0O 0 0 1

1

0O 0 O

1

1

O 0 O

1

O 0o 0o 00 0 0 0O 0O OO O O0 0 o

0O 0 O

1

0|0

1

0O O

1

0O 0 1

1

1 00 O

0

0

0
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The Equivalence

[] Theorem. The (0, 1) Hadamard-Sylvester matrices and the (0, 1) PN matrices are
equivalent, i.e., they can be obtained one from another via row and column permutations.

[] Sakhnovich(1998) proved this result for n = 16 using combinatorial tricks.
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Rank Structure of the Hadamard Matrices

[1 Theorem. Let H,, be an arbitrary n X n Hadamard matrix
T
H, -H =nl.

Then there are two cases:
L] If nis divisible by 8 then

—_——

RankH,, <

N[ S

L1 If n not divisible by & then
RankH, = n — 1.

—~——

where H,, denotes the (0, 1) Hadamard matrix.
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Confederate Matrices

[] Definition For polynomials R = {ro(x), ri(z),..., r,(x)} satisfying n-term recur-
rence relations

re(x) = ap - xrp—1(x) —ap_1 k5 Th—1() —ap_ok - Th—2(x) — -+ —agk - To(x).
and the polynomial
b(x)="by-ro(x)+by-1m1(x)+ - 4+by 1 1p1(x)+ by 70(x)

define the confederate matrix of b with respect to R by

[ a1 a0z @o3 .., ... ao,n _ 1 | bo
a1 a9 a3 on an  bn
1 a2 a3z .., ... ain _ 1 b1
a1 a9 a3 on an  bn
0 L e .00 ... a2n _ 1 | by
C (b) _ a9 o3 On on bn
i 0o 0 L
Qs
O O O 1 An—1,n L bn—1
| Olp—1 O an b,
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Confederate Matrices

r(z) = aj-xro(x) —ap; - ro(x)
ro(x) = ag-ari(x) —ays-ri(x) —aps - ro(x)
r3(x) = ag-are(x) —ags - ra(x) —ays-ri(x) —ags - ro(x)
[ @01 @02 @03 .. ... a,n 1 bp ]
ol a9 as On (077 bn
1 a2 a1z ., ... @n 1 b
aq (0% as On Qn bn
1 a0 L. a2n 1 | bo
(0% a3 On n bn
0 0 L
3
1 An—1, 1 bn—
L O O O On—1 nan . On an .
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Confederate Matrices

ri(z) = aq-xro(x) —aps - ro(z)
ro(z) = ag-ari(x) —ars-ri(x) —aps - ro(x)
r3(x) = ag-are(x) —ags - ra(x) —ays-ri(x) —ags - ro(x)
[ @01 @02 @03 .. ... a,n 1 bp ]
o (0% as On An bn
1l a2 a3 ., ... @n 1 b
o (0% as On Qn bn
0 L s ... ... gom _ 1 b
(6%)) a3 On n bn
0 0 —
3
1 Y 1 by
L O 0 O On—1 ana;n a an .
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Confederate Matrices

ri(z) = aq-xro(x) —aps - ro(z)
ro(x) = ag-ari(x) —ays-ri(x) —aps - ro(x)
7“3(56') = Q3 $T2($) — a2,3 . 7“2(33) — Cl173 O 7’1(513) — ao’g g 7“0(5[7)
[ @01 @02 @3 ... ... a,n 1 bp ]
al a9 as On (077 bn
1l a2 a3z .., ... @n 1 b
aq a9 as On (677 bn
1 a3 .. ... a2n 1 | bo
a9 a3 Qn n bn
0 0 O%
3
1 An—1, 1 bn—
L O O O On—1 nan . On an .
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Motivation for Horner-like Polynomials

[ The confederate matrix C'(b) for a polynomial b(x) = by + byz + - - - + b,x, in the
monomial basis reduces to the companion matrix, and the confederate matrix C'z(p,, )

for the Horner polynomials
0 0 --- 0
1 0 --- 0
Chb)=10 1
: .0
0 --- 0 1

[ Observation : Cr(pn) = I - C(b)T

IS:

_bn—l A

¥

[ _bn—l
1

0

_bn—2
0

1

—b1  —bg
0 0
0
0 E
1 0
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Unitary Hessenberg Matrices

—p1py —p2Mapl e e —Pneiftn—2c H1P5  —Prbn—1- 1) |
1 —pP2P] e+ oo —Pn—1fn—2° " H2P]  —Pnlin—1" " H2p]
0 2 ceveee TPn—1Hn—2" U3P3  —Pnfin—1" " 430
H= . . . . . :
—Pn—1Pp_2
0 ... 0 pn —1 —PnPr_1
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Definition of ¥ Notation

[] Following notation commonly used in signal processing literature, we denote

(3]

[] This reverses the order of the coefficients, and takes complex conjugates

fi (z) = 2"

[1 Example: Forn = 3,
f(2) = a3z + a22° + a1z + ag

f()" =ai2® +a 22+ asz + aj
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The Szeg 0 Polynomials

[] Orthogonal on the unit circle  with respect to some weight function.
L i T 10 N ANE TN (9 d@
<p(2),q(x) >= o— [ p(e”) - [a(e™)]"w(6)do.
[] Satisfy two-term recurrence relations
$o() _ i 1 Pit1(z) _ 1 1 —Pi+1
s @) | w1 | 6@ | e | e 1
where p;. are the reflection coefficients , and

= 1 ok =1
¢ \/1 — |pk|?  otherwise

are the complementary parameters
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Three-Term Recurrence Relations for Szeg 06 Polynomials

do@) =1,  6i(z) = i@ (@) — p1 - do(2)).
1 pe 1. P e
qbk(x)_[uk T ,Uk] Pr-1(T) Dr1 Pr=2(T)
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Factorizations of the Unitary Hessenberg Matrix

[l Decomposition of /1 into the product of Givens (plane) rotations.

*
*
*
*

o O O %
-
*

*
*
*
*

o O O ¥
-
*

S

S

>k

>k

k

1

H
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Decomposition of H into Plane Rotations

[] The details of the decomposition of H into plane rotations:

~

H = H(p1) x H(pz) X -+ x H(pp—1) x H(pn)

H(py) = diag { Ij_1, P 'uf: y In—k—1
HE  —Pk

~

H(py) = diag {L,,—1, pr. }

where
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Decomposition of H into Implicit Shifts

[1 The details of a factorization of H using Implicit Shifts :

H—z ]l =Ryx Ry x---xXR,_1 X R,

where

Ry = diag{[ 1 —p; } ,[n_l}

( [ —x, 0 0| ‘
Ry, = diag | [x—1, o 0 g |y dnk-1 g
\ | Mk 1 —PZ 4 J

fork=1,2,...,n—1,and
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Classical Vandermonde Systems

[] Vandermonde - Linear systems VV'a = f with V" of the form

X1 Qf% « 0. :6711_1
) ZC% « .. xg_l
V=11 a5 22 - ai!

2 n—1
1 ZL’TL xn o o o

[1 Gaussian elimination ignores this structure and requires O (n”) operations to solve.
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Polynomial Vandermonde Systems

[] Polynomial-Vandermonde - Linear systems Vpa = | with Vp of the form

po(ﬂil) pl(ilfl) p2(5171) pn—1($1)
po(51?2) p1(3?2) pz(ﬂiz) pn—1(5€2)
Vp = po(ms) ]01(153) ]02(153) oo Do)

p()(xn) pl(xn) pQ(an) pn—l('xn)

defined by a system of polynomials P = {po(z),pi(x),...,pp_1(x)} satisfying

[1 Gaussian elimination again requires O(n*) operations to solve.
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Numerical lllustrations - Experiment 1

llI-Conditioned Matrices

# || cond(V) | GBP | GBP-IS | GE2t | GES3t
1 7e+l4 S5e-15 Oe-15 8e-06 | 1e-05
2 le+15 2e-15 2e-15 5e-05 | 8e-05
3 3e+15 3e-15 4e-15 6e-04 | 2e-04
4 le+18 2e-15 2e-15 le-01 | 7e-01
) 2e+15 4e-15 le-15 4e-04 | 4e-04
6 Se+l17 le-14 le-14 5e-02 | 3e-02
7 le+16 4e-15 2e-15 2e-05 | 4e-05
8 le+18 le-15 le-15 2e-02 | 1e-02
9 le+18 2e-15 le-15 1e-00 | 1e-00
10 9e+18 6e-16 8e-16 5e-01 | 7e-01
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Numerical lllustrations - Experiment 2

Better Conditioned Matrices

# || cond(V) | GBP | GBP-IS | GE2t | GE3t
1 4e+08 3e-11 4e-11 le-12 | 3e-12
2 2e+07 8e-11 le-10 2e-14 | 5e-14
3 9e+05 1le-09 1e-09 9e-15 | 3e-14
4 3e+08 3e-11 3e-11 2e-13 | 2e-13
) 6e+09 2e-09 2e-09 le-13 | 3e-13
6 1le+09 3e-11 le-10 3e-14 | 8e-15
7 5e+05 3e-11 4e-11 le-14 | 3e-14
8 3e+06 7e-11 Oe-11 le-13 | 7e-14
9 7e+05 1e-08 1e-08 2e-14 | 6e-14
10 2e+06 le-10 3e-10 le-13 | 1le-13
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Definition

[1 A matrix A is quasiseparable of order one if
max RankA;» = maxRankAy; = 1

where the maxima are taken over all symmetric partitions of the form

*k ‘ A12
A21 ‘ *

A_:
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Proof

[ For the PN Sequence listed above

100011110101100 100011110101100 100011110101100

1

0O 0 1

1

1
0

0O O

1

0O 0 1

1

O 0 1 0 O O

1

O 0 1 0 O 0 1

1

O 01 0 0 O
O 0 O

1

0O 0 1

1

O 01 0 0 O

1

1 0 0 0 1

0O O

0O 0 0 1
0O 0 O

1

1

0O 0 O

1

O 0o 0o 00 0 0O 0O OO O O 0 o0 o0

1

O 0 O

0O 0 O

1

0[O0

1

0O O

1

0O 0 1

1

1 00 O

0

0

0

these m = 4 columns form a basis of the column space of I’
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Observation: the PN matrix has the rank m

~

[J rank (T') = m
A Decomposition of PN Matrices
-~ M
= { : ] I R
My
My | | | .
where isa 2" — 1 x m matrix, and [ I R } isan m x 2™ — 1 matrix.
2

. = | | My
[] Unigueness of rows of 1" imply uniqueness of rows in
2

[] Uniqueness of columns of T imply uniqueness of columns in [ I R }

[] This uniqueness and the sizes of these matrices imply they contain all possible binary
m-tuples as rows and columns.

IWOTA 2005 - Storrs, CT, USA Page 59



Tom Bella

A Decomposition of Hadamard-Sylvester Matrices

[] Let H], denote the Hadamard-Sylvester matrix H,, with (1, —1) — (0, 1).

[] Then H] has the decomposition
H =L,L

where L, = |l;;] is an n x m matrix with [;; € {0, 1} and the rows of L,,, correspond-
ing to all possible binary m-tuples.
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Proof

This decomposition can be seen inductively:

(] For Hy = LyL{,wehave L; = [0 1]

e

1 Assuming H! = L,,L} is true for size m one sees that

H  H, O Lim

/ 9 » T/
Hm o Hm

0,0 1,7%

L, L.t

where 0,, =[00 ... 0] 1,=[11...1]"

\ . 4 \ .

m Zeros m ONeS

This demonstrates the equivalence!
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