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Classical Vandermonde matrices

[] Definition. For a set of nodes, a Vandermonde matrix is defined by

r={r,T2,...,2,}
1 T1 3312 ZCln_l
1 i) 51322 x2n—1
2 —1
V(x) = | 1 x3 x5 r3"
1 x, x,° x," 1

[] Note. The n? entries of V(:U) are defined by only n parameters. This allows the design
of fast algorithms .
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Fast Bj orck-Pereyra algorithm

[] The Bjorck-Pereyra algorithm  (1970) is based on the formula
V) t=ut.. 0 Lt L,

with i i
Ix—1
1 — Tk
U ' = 1

L 1 -
_ I o I }

1 1

—1_ N S _

Ly = Tht1—Th 11
1 —1 1

L In—TL JdL .
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Fast Bj orck-Pereyra algorithm

[] The solution a of the linear system
Viz)a=f
IS computed by Bjorck-Pereyra as

a=V(@) ' f=U" .. U LY o LT

[1 Each matrix in the factorization is sparse, and so each matrix-vector product can be
computed in O(n) operations.

[1 Bjérck-Pereyra requires only O (n?) arithmetic operations vs (O (n”) of Gaussian elim-
ination.
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Fast Traub algorithm

[] The Traub algorithm (1966) is based on the formula

] 1T
7“0($1) 7“1($1) 7"2($1) 7“n—1($1)
7“0($2 7“1(932) 7”2(33'2) e Tn—l(ilfz)
Vie) ™t =1-| ro(zs) ri(zs) ralxs) -+ 7p-1(23) - diag(cy, ca, . . ., Cp)
I TO<$n) 1 (:En) TQ(xn) e Tn—l(ajn> |
where 1 is the antidiagonal matrix, ¢;, = (T —xk)
J#k
[] The polynomials {7o(x),...,r, 1(x)} are the Horner (associated) polynomials

and satisfy two-term recurrence relations
740(33) — ﬁna Tk(x) — ZCTk_l(QZ) + 671—/{:

[ Fast: requires only O (n?) arithmetic operations vs (O(n”) of Gaussian elimination.
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Conditioning of Vandermonde matrices

[] The condition numbers of Vandermonde matrices grow exponentially with their size
(Tyrtyshnikov (1994).

[1 Bjorck-Pereyra (1970) : “... some problems, connected with Vandermonde systems,
which traditionally have been considered to be too ill-conditioned to be attacked, actually
can be solved with good precision”.
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Some Numerical Experiments

[1 Bjorck-Pereyra algorithm. (Higham's example )

1. Nodes chosen randomly in (0, 1).

2. RHS alternating signs, [ 1 -1 1 -- ]T
3. Forward error measured by
=il
[][2
L] Traub algorithm.
1. Nodes chosen randomly in (0, 1).
2. Forward error measured by
ATt A,
A2
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RELATIVE ERROR
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Numerical Experiments

Classical Bjorck-Pereyra & Traub Algorithms
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Error Analysis

Bjorck-Pereyra Algorithm

[] Higham (1990) showed that under some conditions (sign-oscillating right-hand-side and
monotonic ordering of the nodes, all of which are positive), there is a provably excellent
forward error bound:

ja —a

al < 5nu + O(u?)
a

[] Conclusion: Very good forward error is to be expected under some conditions.
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Polynomial-Vandermonde matrices

[] Definition. For sets of polynomials and nodes, define a polynomial-Vandermonde

matrix :
r={r,2,...,T,}
R={ro(x),ri(x),...,7 1(x)}
_ \U/ -
7“0(5131) 7“1(331) 7“2(551) Tn—l(CCl)
7“0(372) 7“1(552) 7“2(332) 7°n—1(5172)
Vi(x) = | ro(xs) 7“1(5133) ro(xs) -0 raoa(as)
] ro(xn) () To(xn) o0 Tho1(Tn) |

[] Note. If the polynomial system £ satisfies nice recurrence relations, then the n? entries
of Vg (x) can be defined by only O(n) parameters.
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Fast algorithms for polynomial-Vandermonde matrices
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Bjorck-Pereyra-type

Traub-type

Vandermonde matrices
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block Vandermonde matrices
Chebyshev-Vandermonde matrices
three-term Vandermonde matrices

Szeg06-Vandermonde matrices

Bjorck-Pereyra (1970)
Kailath-Olshevsky (1996)
Tang-Golub (1981)
Reichel-Opfer (1991)
Higham (1988,90)
BEGKO (2006)

Traub (1966)
Gohberg-Olshevsky (1996)

Gohberg-Olshevsky (1994)
Calvetti-Reichel (1993)
Olshevsky (2001)
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A Bjorck-Pereyra algorithm for Szeg 0-Vandermonde matrices
Joint work with Y.Eidelman, I.Gohberg, I.Koltracht, V.Olshevsky
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Szeg0-Vandermonde matrices

[] If the polynomials are Szégo polynomials, the resulting matrix is a Szégo-Vandermonde
matrix.

Go(r1) @1(w1) Ga(w1) - Ppoa1(71)
Go(T2) @1(w2) Pa(w2) - po1(w2)
Vo = | ¢olxs) o1(w3) @2(x3) -+ dp_1(r3)

<

Go(Tn) O1(Tn) G2(wn) -+ Ppoi1(wn)
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Bjorck-Pereyra-like Formula

[ ] based on the formula
1 1 1 -1 —1
V(I) — Ul . e e Un—l Ln—l . . e Ll ,

with
s _
o 7))
! H I
. — Tk
Uk: =diag{]k_1, : }
0
0 0 0
| An—k _
Ik:—l ]k—l
1 1
L)'= —— -1 1
ko~ Th+1—Lk
1 —1 1
L In—T AL .
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Unitary Hessenberg Matrices
_ —PoP1  —PoMiP2  —Polif2ps  —PolifefizPs — Pyl 23 aPs -
M1 —pP1P2 —pPiH2pP3 — P1H2/4304 — P1H2 431405
H = 0 42 —P5P3 —P5H3P4 — P53 a5
0 0 /43 — 3P4 —P3H4P5
] 0 0 0 4 —P4P5 |

[ For monomials (classical BP), the algorithm is fast because the H's are bidiagonal .

[ For the Szego case, the algorithm is fast using a factorization of H into Givens rota-

tions .
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Decomposition of H into Givens (plane) Rotations
Schur parameterization

H = H(p1) x H(pz) x -+ x H(pp-1) X H(py)
P11 1
p1 —pi p2 2 1

H = o —ps3
1
_ L0 2

[ Multiplication by H can be implemented in O (n) operations.

[l The cost of the Bjorck-Pereyra-like algorithm is (’)(nQ).
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Numerical lllustrations

[] We compare the forward error of the solutions & from MATLAB in double precision via

with x, the “exact” solution using MATLAB's Vpa() command for software-implemented
arbitrary digit arithmetic.

[ ] GE - Gaussian elimination via MATLAB’s backslash command.
BP-SZ - Bjorck-Pereyra-like algorithm.

BP-SZ-L - Bjorck-Pereyra-like algorithm with nodes ordered via the Leja ordering . (Re-
ichel, Higham)

[] Use of the Leja ordering exploits the Vandermonde structure to produce a partial pivot-
ing ordering of the rows of V. This is at a cost of O(n?).
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forward error
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Numerical lllustrations - Experiment 2

Equidistant Nodes on (-1,1)
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Numerical lllustrations - Experiment 3

cond(V)=7.3e+14

forward error

left singular vector
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Fast algorithms for quasiseparable-Vandermonde matrices
Joint work with Y.Eidelman, I.Gohberg, I.Koltracht, V.Olshevsky
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Fast algorithms for polynomial-Vandermonde matrices

Previous work

polynomial-Vandermonde matrix

Bjorck-Pereyra-type

Traub-type

Vandermonde matrices
Vandermonde-like matrices

block Vandermonde matrices
Chebyshev-Vandermonde matrices
three-term Vandermonde matrices
Szeg06-Vandermonde matrices

Quasiseparable-Vandermonde

Bjorck-Pereyra(1970)
Kailath-Olshevsky (1996)
Tang-Golub (1981)
Reichel-Opfer (1991)
Higham (1988,90)
BEGKO (2006)

DPPPVVVVVIVVVVIV?V?

Traub (1966)
Gohberg-Olshevsky (1996)

Gohberg-Olshevsky (1994)
Calvetti-Reichel (1993)
Olshevsky (2001)

DPPPVVVVVIVVVVIV?V7?
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Quasiseparable Matrices

[1 Definition. A matrix C'is quasiseparable of order one if
max RankC'|», = max Rank(Cy; = 1

where the maxima are taken over all symmetric partitions of the form

* ‘012

O =
021‘ ES

[] Previous Work. Gohberg-Kaashoek-Lerer, Dewilde, Gohberg-Eidelman, Van Barel et
al, Tyrtyshnikov et al, Bini et al, Gu-Chandrasekaran et al.

[1 Henceforth we consider only Hessenberg matrices C.
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Important Special Cases

Q

|
o o o = O
o O~ O O
o = o o o
—_ o O o O
o o o o o

[ The system of polynomials 7 () = det(x/ — C}.«,) associated with C' is the mono-
mials with recurrence relations

ri(z) = xrp_q1(x)

[1 The matrix C'is quasiseparable .
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Important Special Cases

o O = OO
o = O O O
_o O O O
o O O O O

[ 0
O
0
0
0
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Important Special Cases

S = OO O
_ O O o O
o O Ol o O
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Important Special Cases

o O O

Q

]
1
o oloc — o
o o~ o o
o
— olo o o
o olo o o
|
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Important Special Cases

(00 0 0/0
1 00 00
C=101001]0
00100
00 0[]0
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Important Special Cases

Tridiagonal

g 0 0 0
@ dx g2 0 0
C=10 q ds g3 O
0 0 ¢ di ga
0 0 0 q -

[] The system of polynomials rx(x) = det(xzl — C}.;) associated with C' are real
orthogonal polynomials  with recurrence relations

1 _
ro(z) = i(g;—d,{)m_l(:c) _ gzkl

ri_o(T)

[1 The matrix C' is quasiseparable .
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Important Special Cases

Tridiagonal
[ d, 0 0 0]
d> go 0 0

010 g¢q di ga
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Important Special Cases

Tridiagonal
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Important Special Cases

Tridiagonal
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Important Special Cases

Tridiagonal
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Important Special Cases

Unitary Hessenberg

0P b2 —Phakeps P peisps —PyHafaisiaps |
M1 —P1p2 —pP1l2P3 — P71 M2/4304 — P71 2431405
= 0 12 —P5P3 — P53 P4 — P3[4 P5
0 0 3 — P34 —P3H4p5
0 0 0 fia —P1Ps |

[ The system of polynomials 7 (z) = det(z] — C}. ;) associated with C' are the Szegé
polynomials with recurrence relations

Gi(z) 1{ L —p

ri(z)

Mk

xr_1(x)

Gho1(2) ]

[1 The matrix C'is quasiseparable .
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Important Special Cases
Unitary Hessenberg
SO | —pbpr  —phtapops  —phpapafisps  —poia fafisiiaps |

fh —p1P2 —p1l2P3 —P1 M3 P4 — 123445
C = 0 12 —P303 —P313P4 — P33 a5

0 0 /43 — P34 —P34p5

0 0 0 fla —P4Ps |
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Important Special Cases
Unitary Hessenberg
i —Phtipr | —PoHakaps  —poHafiaiiafs —PoHaMafisiaps |
H1 —p1P2 —P142P3 — P71 23 P4 — P71 a3 4P
= 0 2 —P503 — P33P — P53 /4P5
0 0 i3 —P3P4 —P3Haps
0 0 0 fa —PaPs |
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Important Special Cases
Unitary Hessenberg
 —popL —Phtape —Phiapaps | —PoHaliaiafs  —PoHaMafisiaps |
H1 —p1P2 —pPilk2P3 — P71 23 P4 — P71 a3 4P
C = 0 o — P33 —P313P4 — P33 10405
0 0 43 —P3P4 —P3Haps
i 0 y 0 M4 —Paps |
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Important Special Cases
Unitary Hessenberg
i —Phmap2 —PhHakeps  —phiafiaiiaps | —Pokafiafisiaps |
H1 —p1P2 —pPilk2P3 — P7 2304 — P71 a3 4P
¢ = 0 2 —P3P3 — P34 —Pai3faPs
0 3 — 3P4 — P34 5

i y [l —PaPs |
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Quasiseparable-Vandermonde matrices

[] Definition. A Quasiseparable-Vandermonde matrix is of the form

— 7”0(331) 7”1(331) ?”2(331) 7”n—1(£171) _
7“0(332) 7”1(332) 7“2(5132) e 7“71—1(5132)
Ve =| ro(xs) ri(zs) r2(x3) - rp-1(ws)
] ro(xn) T1(n) To(Xn) o0 Tho1(Tn) |

where the polynomials 7 (z) = det(x/ — Cl«}) correspond to an order-one quasi-
separable Hessenberg matrix C.
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Bjorck-Pereyra-like algorithm for quasiseparable-Vandermonde
matrices

[ based on the formula
-1 -1 1 7-1 -1
VR — Ul “ e Un—l Ln—l o .. Ll ,

with
- _
! C I
) — Tk
Uk :diag{]k_l, : }
0
0 0 0 anl_k
T I—q
1 1
-1 1
Ly = TR -
1 —1 1
| In—T JdL -
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Complexity of the B] oOrck-Pereyra-like algorithm

[] To design a fast algorithm, we need fast multiplication of ' by a vector .
In the monomial case, C'is bidiagonal .
In the Szeg6 case, C' is unitary Hessenberg , and hence admits a convenient factor-

ization .

[] In the quasiseparable case, C' can be multiplied by a vector in O(n) operations using
an algorithm of Eidelman and Gohberg (1999).

[1 Thus the cost of the algorithm is ()(n?) arithmetic operations.
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Special cases of the Bj oOrck-Pereyra-like algorithm

[] Tridiagonal case: This algorithm reduces to the Higham algorithm (1990).

e Stage | corresponds to computing L', ... L7 f = .

—1

e Stage Il corresponds to computing Ul_l U

n

[] Unitary Hessenberg case: This reduces to the BEGKO algorithm (2006).
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Numerical lllustrations - Bj orck-Pereyra

[1 We compare the forward error of the solutions & from MATLAB in double precision via

with z, the “exact” solution using MATLAB's vpa() command for software-implemented
arbitrary digit arithmetic.

[ ] GE - Gaussian elimination via MATLAB'’s backslash command.
L] BP-QS - Bjorck-Pereyra-like algorithm.

BP-QS-L - Bjorck-Pereyra-like algorithm with nodes ordered via the Leja ordering . (Re-
ichel, Higham)
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Numerical lllustrations - BP Experiment 1

Equidistant Nodes on (-1,1)

10 T T T =
"""" BP DN |
10_2_ ---BP_QS E-: ....... - ................... ....... -_
BP-QS-L| - | A
: - = : \ 7
4 ; - ; I 4
10 . ....... E ........... ,\_-_' ............... .
. v
_6 . - ,
B 10 ...................... “ ....... i k ...... ' e SRR ]
= n-, LT
108k [4.‘5..'9.4.1’41 ..... A ]
g LN !
5 ST R
= 10_10 ..................... o 1 .,::l ...... , ................................... _
-- e
SR
_ 4 /7 -
lo L "l .......... , . : .................................................. .

cond(V)
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Numerical lllustrations - BP Experiment 2

cond(V)=3.9e+23
10 = ! o ! ! !

forward error
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Fast algorithms for polynomial-Vandermonde matrices

Previous work

polynomial-Vandermonde matrix

Bjorck-Pereyra-type

Traub-type

Vandermonde matrices
Vandermonde-like matrices

block Vandermonde matrices
Chebyshev-Vandermonde matrices
three-term Vandermonde matrices
Szeg06-Vandermonde matrices

Quasiseparable-Vandermonde

Bjorck-Pereyra(1970)
Kailath-Olshevsky (1996)
Tang-Golub (1981)
Reichel-Opfer (1991)
Higham (1988,90)
BEGKO (2006)

BEGKO (2006)

Traub (1966)
Gohberg-Olshevsky (1996)

Gohberg-Olshevsky (1994)
Calvetti-Reichel (1993)
Olshevsky (2001)

DPPPVVVVVIVVVVIV?V7?
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A generator representation

[] The following matrix is Hessenberg and order-one quasiseparable

di giha  gibohs  gibobshy  g1bobsbshs |
poq1 o g2h3 g2bshy g2b3bshs

0  p3qo ds3 g3ha g3bahs
0 0 P4q3 dy gahs
0 0 0 P54 ds
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A generator representation

[] The following matrix is Hessenberg and order-one quasiseparable

dy | grha  gibohs  gibabshy  gibabsbshs |
p2q1 | do g2h3 g203h4 g203b4hs

0 | p3ge ds g3ha g3bahs
0 0 P4qs3 d4 gahs
0 0 0 D544 ds

SIAM 2006 - Boston, MA, USA Page 36
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A generator representation

[] The following matrix is Hessenberg and order-one quasiseparable

dy giha | gibohs  gibabshy  gibabsbshs |
paq1 o g2h3 g2b3hy g2b3b4his

0  p3g2 ds g3ha g3bahs
0 0 P4qs3 d4 gahs
0 0 0 D544 ds
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A generator representation

[] The following matrix is Hessenberg and order-one quasiseparable

di  giha  gibohs | gibabshy  g1babsbahs |
paq1 o g2h3 g2b3hy g2b3b4his

0  p3g2 ds g3ha g3bsahs
0 0 P4q3 d4 gahs
0 0 0 D544 ds
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A generator representation

[] The following matrix is Hessenberg and order-one quasiseparable

[ i gihe  gibshg  gibobsha | gibobsbahs |
p2q1  do g2h3 g2b3hy 92030405
0 p3q2 d3 gshy g3bshs
0 0 P4qs3 d4 gahs
| 0 0 0 P5q4 ds
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A generator representation

[] The following matrix is Hessenberg and order-one quasiseparable

di grha  g1b2h3
p2q1 o g2hs

0 P3g2 d3

0 0 JE

0 0 0

g10203b4hs
9203b4hs
g3bahs

g1b2b3ha
g2b3hy

L] This generator representation exists for any order-one quasiseparable matrix.

Order-one quasiseparable-

Hessenberg

< Generator representation
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Recurrence relations satisfied by polynomials related to
guasiseparable matrices

[1 Theorem. A matrix C' is order-one quasiseparable-Hessenberg if and only if the
system of polynomials 7 () = det(z] — C}.«,.) satisfy the recurrence relations

Two-term recurrence relations

Gr(x) 1 A —Gk+1 Gr-1(7)
() Pe+1qk | hp/br 1 U () ri—1 ()

Three-term recurrence relations

o) = (@) (&) — ———— o (@)rsa (@)

pk+1 k Pk+1Prqk—19k
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Special cases of these recurrence relations

Matrix

Polynomial system

Shift matrix

monomials

Tridiagonal matrix

real orthogonal polynomials

Unitary Hessenberg matrix

Szeg0 polynomials
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Special cases of these recurrence relations

Matrix

Polynomial system

Shift matrix

monomials

Tridiagonal matrix

real orthogonal polynomials

Unitary Hessenberg matrix

Szeg0 polynomials
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Special cases of these recurrence relations

Monomial case

1
re\T) = r T)re_olx
k( ) pk;+1(]k¢k( ) - 1( ) pk+1pk6]k—16]k;gpk( ) : 2( )
J
pk:la kaly dk:O, gk:O, bk:O, hk:1
U

ri(z) =x - rp_q1(x)
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Special cases of these recurrence relations

Matrix

Polynomial system

Shift matrix

monomials

Tridiagonal matrix

real orthogonal polynomials

Unitary Hessenberg matrix

Szeg0 polynomials
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Special cases of these recurrence relations

Real orthogonal polynomial case

1 1
ro(r) = — )r._q(x) — T)Tr._o(x
k( ) pk+1kak( ) : 1( ) pk+1kak—1ngpk( ) : 2( )
4
pk‘:17 bk:O, hk‘zl
4
1 9k—1
re(z) = —(z—di)rp-1(z) — k—2(T)
qk qk
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Special cases of these recurrence relations

Matrix

Polynomial system

Shift matrix

monomials

Tridiagonal matrix

real orthogonal polynomials

Unitary Hessenberg matrix

Szeg0 polynomials
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Special cases of these recurrence relations

SzegO polynomial case

Gr(x) _ 1 A —Gk+1 Gr_1(z)
ri(T) Pr+1qk | hy /by 1 up(z)r_1(x)
4
pe=1, qx = pr, dx = —pPr_1Pk; Gk = Pr_1, bk = k-1, hx = —r—1Pk
U
Gr(z) | _ 1| 1 —pi || Geaalz)
ri(z) e | —pr 1 Tr—1(7)

SIAM 2006 - Boston, MA, USA Page 43



Fast algorithms for quasiseparable-Vandermonde matrices Tom Bella

A Class of Polynomials

[] Systems of polynomials associated with a quasiseparable matrix

(Quasiseparable polynomials )?

Tridiagonal matrices, unitary Hessen- Polynomials orthogonal on (i) a real in-
berg matrices, semiseparable matri- N terval, and (ii) on the unit circle are
ces are special cases of quasisepara- special cases of quasiseparable poly-
ble matrices nomials
Quasiseparable matrices Quasiseparable polynomials
— l = l
tridiagonal real orthogonal
Y Y Y Y
unitary Hess. semiseparable SzegoO polys 2?2?7277
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Traub-like algorithm for quasiseparable-Vandermonde matrices

[1 Traub-like algorithm . Based on the formula

- - -1

7“0(551) f1($1) fn—l(ilfl)
Tolx ri(x R N N
Vil = ol@2) F1(w2) 1(22) =1 -Vy" -diag(cy,ca,. .., Cp)
i Fo(@n) Ti(Tn) -+ Tuo1(Ts) ]

where I is the antidiagonal matrix, ¢, = [1"_, (x; — )

j#k

[ Risthe system of Horner-like polynomials corresponding to the polynomial system £.
(When P is the monomial basis, this is the classical Traub (1966))

[1 How do we evaluate the polynomials 7}, at the nodes?
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Three-Term Recurrence Relations

Original polynomials forming Vg
1
r(T) = Yp(@)ri—1(x) — pr(T)rp—2()

Pk+1 k Pk+1Pkqk—19k

Horner—like polynomials forming VRfl

X 1 X .

r.(x) = re_1lax) — Tr) — 2

k( ) pk+1 kwk( ) : 1( ) pk+1kak 1Qk¢k< ) 2( ) "

hiqn._1bg._ hiqi._
W(m) _ (dk _ x) _ Pr"kQk—10k—1 gﬁk(iﬁ) _ Prleqdr—1 ((dk B aj)bk B thk)
hk—hl . Pj—1
e Pkl ﬁn—kJrl — 6n—k

Pr+1qxk—1 Pr+1qk

SIAM 2006 - Boston, MA, USA Page 46



Fast algorithms for quasiseparable-Vandermonde matrices Tom Bella

Two-Term Recurrence Relations

Original polynomials forming Vg

Gr(z) | _ 1 Qg —Gk+1 Gr-1(z)
rr(z) Pe+1qk | hip/br 1 uk(x)re—1(z)
Horner-like polynomials forming VPfl
G (z) _ 1 arp  —0Jk+1 Gr_1(z)
Pe() Pr+1Gk | hi /by 1 Ui (@) Pr—1(2)+ Bk
h h
Ak = Prr1bk1qr — It up(r) = v — dj, + Ik

bk bk
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What are the coefficients  [3;.?

[1 The difference between the recurrence relations for the original polynomials and those
for the Horner-like polynomials is the presence of the coefficients (3.

(] [y is the coefficient of 1 (x) in the decomposition of the master polynomial [3(x) =
[T, (x — x;) into the {r} } basis:

n

[[(z — ) = Boro(z) + Buri(z) + - - 4+ Burn(z)

1=1

[1 These coefficients can be computed in O(n?) arithmetic operations.
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Complexity of the Traub-like algorithm

[ Each Horner-like polynomial can be evaluated at all of the nodes in (J(n) operations.

[1 The coefficients [3;, can be computed in O(n?*) operations.

[] The total cost of the algorithm is O(nQ) operations. Comparing this to the complexity of
Gaussian elimination, O(n”), we have the algorithm is FAST!
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Special cases of the Traub-like algorithm

[] Tridiagonal case: This reduces to the algorithm of Calvetti-Reichel (1993).

[] Unitary Hessenberg case: This reduces to the algorithm of Olshevsky (2001).
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Confederate Matrices

[] Definition For polynomials R = {ro(x), ri(z),..., r,(x)} satisfying n-term recur-
rence relations

re(x) = ap - xrp—1(x) —ap_1 k5 Th—1() —ap_ok - Th—2(x) — -+ —agk - To(x).
and the polynomial
b(x)="by-ro(x)+by-1m1(x)+ - 4+by 1 1p1(x)+ by 70(x)

define the confederate matrix of b with respect to R by

[ a1 a0z @o3 .., ... ao,n _ 1 | bo
a1 a9 a3 on an  bn
1 a2 a3z .., ... ain _ 1 b1
a1 a9 a3 on an  bn
0 L e .00 ... a2n _ 1 | by
C (b) _ a9 o3 On on bn
i 0o 0 L
Qs
O O O 1 An—1,n L bn—1
| Olp—1 O an b,
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Confederate Matrices

r(z) = aj-xro(x) —ap; - ro(x)
ro(x) = ag-ari(x) —ays-ri(x) —aps - ro(x)
r3(x) = ag-are(x) —ags - ra(x) —ays-ri(x) —ags - ro(x)
[ @01 @02 @03 .. ... a,n 1 bp ]
ol a9 as On (077 bn
1 a2 a1z ., ... @n 1 b
aq (0% as On Qn bn
1 a0 L. a2n 1 | bo
(0% a3 On n bn
0 0 L
3
1 an—1, 1 bn—
L O O O On—1 nan . a an .
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Confederate Matrices

ri(z) = aq-xro(x) —aps - ro(z)
ro(z) = ag-ari(x) —ars-ri(x) —aps - ro(x)
r3(x) = ag-are(x) —ags - ra(x) —ays-ri(x) —ags - ro(x)
[ @01 @02 @03 .. ... a,n 1 bp ]
o (0% as On An bn
1l a2 a3 ., ... @n 1 b
o (0% as On Qn bn
0 L s ... ... gom _ 1 b
(6%)) a3 On n bn
0 0 —
3
1 Y 1 by
L O 0 O On—1 ana;n a an .
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Confederate Matrices

ri(z) = aq-xro(x) —aps - ro(z)
ro(x) = ag-ari(x) —ays-ri(x) —aps - ro(x)
7“3(56') = Q3 $T2($) — a2,3 . 7“2(33) — Cl173 O 7’1(513) — ao’g g 7“0(5[7)
[ @01 @02 @3 ... ... a,n 1 bp ]
al a9 as On (077 bn
1l a2 a3z .., ... @n 1 b
aq a9 as On (677 bn
1 a3 .. ... a2n 1 | bo
a9 a3 Qn n bn
0 0 O%
3
1 An—1, 1 bn—
L O O O On—1 nan . On an .
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Motivation for Horner-like Polynomials

[ The confederate matrix C'(b) for a polynomial b(x) = by + byz + - - - + b,x, in the
monomial basis reduces to the companion matrix, and the confederate matrix C'z(p,, )

for the Horner polynomials

1 0 - 0
Ch)=|0 1

: .0

0 .- 0 1

[ Observation : Cr(pn) = I - C(b)T

IS:

_bn—l A

¥

[ _bn—l
1

0

_bn—2
0

1

—b1  —bg
0 0
0
0 E
1 0
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Horner-like Polynomials

[] Arelation between the matrix corresponding to a system of polynomials /7 and the matrix
corresponding to the Horner-like polynomials £.

A B

= =~
C pertransposition I-CT.J

{ro(x),ri(z),...,Th_1(x)} {ro(x),71(x), ..., Tho1(x)}

Polynomial System Horner-like polynomials
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Horner-like Polynomials

[] Fact. A pertransposed quasiseparable matrix is again a quasiseparable matrix.

=
Q/S-Hessenberg Matrix pertransposition
{TO('T)? Tl(ﬂf), s 7rn—1(x>}
Polynomial System Horner-like polynomials
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Generators of a Quasiseparable matrix

[1 Can be represented in terms of their generators :

Diagonal entries
(]/;; kzl,...,'n,

Lower Generators Upper Generators
Dk k=2,...,n gk k=1,...,n—1
ag k=2,....n—1 by, k=2,....n—1
qr Ek=1,....n—1 hp, k=2,...,n

[] Example. Interms of generators, with n = 5,

dy g1hs gibohs  g1bobsha  g1bobsbihs |
P2q1 d2 g2hs g203hy4 g203b4 N5
P3a2q1 P3G2 ds gshy g3bshs
P4G3a2q1  P4G3G2 P4qs3 dy gahs
| P504G302G1 P5a403G2  P534G3 D544 ds ]
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Recurrence relations that generalize Szeg 0 recurrence relations

Three-Term Recurrence Relations

1
ro(x) =1 r(x) = — (x — dy)
1 P24y
re(r) = — Ur(T)rp—1(x) — (x)rp_o(x
k( ) Pr+14k ( ) : 1( ) pk+1kak—1Qk¢ ( ) : 2( )
4
pr=1, q = pg, dp= —Pr_1Pk> 9k = Pr_1; by = tk—1, hi = —pk—1Pk
4
]' ES
ro(r) =1 ri(x) = m (z + pop1)
1
1 _
ri(z) = —— ( + Pk )rk_l(a:) — (pk’uk 1) T - Ti_o(T)
273 Pk—1 Pk—1 M1k
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Recurrence relations that generalize Szeg 0 recurrence relations

Perturbed Two-Term Recurrence Relations

Go() 1 —J1
ro(x) T P { 1
Gk(CE) B 1 Qg —Gk+1 Gk—1(33‘)
re(x) | Pre1Ge | hi/be 1 ] Up(x)rE_1 () ]
Y
=1, g =, dp=—pr_1Pk; Gk = Pr_1, bk = -1, hp = —pr_1pk
U
Go(x) | 1 |1
ro(z) | m { 1
Gr(z) | _ L { L —pi || Grmalo) ]
ro(x) | k| —p 1 rr)_1(x)
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Numerical lllustrations - Traub

[] We compare the forward error of the inverse A—1 from MATLAB in double precision via

JA~T — A1,
JA-L,

e =

with A™1, the “exact” solution using MATLAB's vpa() command for software-implemented
arbitrary digit arithmetic.

[] GE - Gaussian elimination via MATLAB's InV()  command.

[] Traub-QS - Traub-like algorithm with nodes ordered via the Leja ordering . (Reichel,
Higham)
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Numerical lllustrations - Traub Experiment 1

Equidistant Nodes on (-1,1)

------ - inv()
Traub—-QS

forward error

1010 1020 1030 1040

cond(V)
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Numerical lllustrations - Traub Experiment 2

Random Parameters on the Unit Disc

10 I :/, o= I
....... inv() . = ’ T .
-2 Traub—-QS
0| Qs o il
-4 - E:,: z ) - \\:“\‘
10 4444444444444444 : - f,;:, . : . : C e e e e e e e e e e ._ - \ \. v A PR 444444444444444444
6 o :
Llo ...... \\\‘: ............................. e .
9 \‘\‘ . :
CTJ 8 . .
Elo_ s o _
CU . .
E . .
S

10 *° | |

1025 1030

cond(V)
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