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Introduction Tom Bella

Structured Matrices

[] Many problems in signal processing, coding theory, system theory, orthogonal polyno-
mials, passive interpolation, etc. can be reduced to problems in terms of matrices.

[1 Often these resulting matrices have some structure inherited from the original problem,
e.g. Vandermonde, Hankel, Toeplitz, tridiagonal, unitary Hessenberg, etc.

[1 By exploiting this structure, it is often possible to attain more accurate results using
fewer operations than standard, structure—ignoring methods.
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Introduction Tom Bella

Examples of Structured Matrices

Moment Matrices

[J Hankel matrices. Defined by O(n) parameters {hy}.

h() h1 hQ ce hn—l
hl }?,2 . .
H = |: hk:+j } - hso hop—3

hon—3 hapn_921

Pp—1 -+ hon-35 hapn_o hoy

[] Toeplitz matrices. Defined by O(n) parameters {c }.

i Co C_1 ce cer Copt |
C1 Co C_1
C = [ Ck—j } —
Co C_1
i Cn—1 C1 Co i
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Introduction Tom Bella

Examples of Structured Matrices

Moment Matrices

(1,1 (La) (L2 ... (12" |

(x, 1) (z,z) (1,22 ... (x,2")

M = [(zF 2] = | (z%1) (2%2) (22,2%) ... (22"
] (™, 1) (™ x) (2™ 2?) ... (2" ") ]

[] Real line.

p(z), 4(z)) = / p(@)g(@)u?(x)dz, = (2" 29) = / SO+ ()

and M is Hankel.

[] Unit circle.

and M is Toeplitz.

Georgia State University Page 4



Introduction Tom Bella
Examples of Structured Matrices
Recurrent Matrices
[] Tridiagonal matrices. Defined by O (n) parameters.
[ 6 oy O 0
Y2 02 Y3
=10 v 0
Tn
i 0 o 0 Tn (S'n, |
[] Unitary Hessenberg matrices. Defined by O (n) parameters.
[ —pipo* —pasiipo” —Prbln—1-H1p0* |
p1 —p2p1” —Prfbn—1---f12P1"
[ — : :
_pn,un—lpn—2*
| 0 Hn—1 _pnpn—l*
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Introduction

Tom Bella

Orthogonal polynomials related to structured matrices

Moment matrix

Recurrent matrix

Polynomials 7 ()

Hankel matrices

Toeplitz matrices

tridiagonal matrices

unitary Hessenberg matrices

Real—orthogonal polynomials

Szeg0 polynomials
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Introduction Tom Bella

Orthogonal polynomials related to structured matrices

Moment matrix | Recurrent matrix Polynomials 7 ()

Hankel matrices | tridiagonal matrices Real-orthogonal polynomials

Toeplitz matrices | unitary Hessenberg matrices | Szego polynomials

[] Related to tridiagonal matrices via ri(z) = det(xl — A) (k) where

9 2 g ... (0
a1 a2
15
aq (6%
A= 0 L . 2=t
(0) An—1
On—1 Tn
On—1 On
0 0 1 On
- On—1 Qpn -

[1 Three—term recurrence relations

ri(2) = (arXx — 0p)r—1(2) — Werk—2(2)
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Introduction Tom Bella

Orthogonal polynomials related to structured matrices

Moment matrix | Recurrent matrix Polynomials 7 ()

Hankel matrices | tridiagonal matrices Real-orthogonal polynomials

Toeplitz matrices | unitary Hessenberg matrices | Szego polynomials

[l Related to unitary Hessenberg matrices via ry () = det(z] — A) k) where

—P1Po  —P2H1Py  —P3M2MIPG  t —Pr—1Mn—2--f100  —Pnin—1---H1P0
4 —p2p1  —P3H2PT T Pn—1Hn—2.-H2P]  —Pnin—1.--H2p]
0 2 — P35 c = Pn—1fn—2-- 4305 —Pnfbn—1---305
A= . | . .
M3
—Pn—1Pn—2 —Prbn—1Pp—2
0 e e 0 fin—1 —PnPr—1
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Introduction Tom Bella

Orthogonal polynomials related to structured matrices

Moment matrix | Recurrent matrix Polynomials 7 ()

Hankel matrices | tridiagonal matrices Real-orthogonal polynomials

Toeplitz matrices | unitary Hessenberg matrices | Szego polynomials

[ 1 Two—term recurrence relations

Gk_H(QZ) 1 1 _Pk+1* 1 0 Gk<fl?)

i1 (2) Mk+1 | —Pra1 1 0 x ()

[ 1 Three—term recurrence relations

r(z) = (ix+ Pr i) re 1 () — ( Ph_ {1 x> _—

Mk Prk—1 Mk Pk—1 Mk
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Introduction

Tom Bella

Generalizations of these structures

Matrix class

Generalized class

Hankel matrices

Toeplitz matrices

matrices with displacement structure

tridiagonal matrices

unitary Hessenberg matrices

DDV VVVPVVV????7?7?7?7?7
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Introduction

Tom Bella

Generalizations of these structures

Matrix class

Generalized class

Hankel matrices

Toeplitz matrices

matrices with displacement structure

tridiagonal matrices

unitary Hessenberg matrices

guasiseparable matrices
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Fast algorithms for Vandermonde matrices Tom Bella

Vandermonde matrices and algorithms

L] Definition. For a set of nodes, a Vandermonde matrix is defined by

r=A{r1,29,...,T,}
1 T1 51312 ZCln_l
1 i) .’1322 x2n—1
2 —1
V(Qj) — 1 x3 23 r3"
1z, T2 x," 1 |

Algorithms available for Vandermonde matrices
L] Bjorck-Pereyra algorithm

[ Traub algorithm
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Fast algorithms for Vandermonde matrices Tom Bella

Fast Bj orck-Pereyra algorithm

[] The Bjorck-Pereyra algorithm  (1970) is based on the formula
V) t=ut.. 0 Lt L,

with _ _
Ij—1
1 — Tk
U, = 1
1
i1 Ty |
1 1
—1_ I S _
Lk T Tp+1—Tk L1
1 —1 1
L In—Tk |- -
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Fast algorithms for Vandermonde matrices Tom Bella

Fast Bj orck-Pereyra algorithm

[] The solution a of the linear system
Viz)a=f
IS computed by Bjorck-Pereyra as

a=V(@) ' f=U" .. U LY o LT

[1 Each matrix in the factorization is sparse, and so each matrix-vector product can be
computed in O(n) operations.

[1 Bjérck-Pereyra requires only O (n?) arithmetic operations vs (O (n”) of Gaussian elim-
ination.
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Fast algorithms for Vandermonde matrices Tom Bella

Fast Traub algorithm

[ The Traub algorithm (1966) is based on the formula

I 7”0(331) 7”1(5131) 7“2(5131) Tn—l(ﬂfl) 1
7”0(332) 7’1(332) 7“2(5132) Tn—1(5132)
V(iﬁ)_l =1 ro(zs) ri(ws) ra(ws) -0 roi(xs) - diag(cy, 2, - .-, Cp)
| 700(5'771) 1 (xn) 702(55?1) T Tn—l(xn> i

where I is the antidiagonal matrix, ¢, = [[1=: (z; — %)
J7

[] The polynomials {7¢(x),...,r, 1(x)} are the Horner (associated) polynomials
and satisfy two-term recurrence relations

ro(x) = Py, r(x) = xrp1(x) + Py

[] Fast: requires only ()(n?) arithmetic operations vs (O(n”) of Gaussian elimination.
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Fast algorithms for Vandermonde matrices Tom Bella

Conditioning of Vandermonde matrices

[] The condition numbers of Vandermonde matrices grow exponentially with their size
(Tyrtyshnikov (1994)).

[1 Bjorck-Pereyra (1970) : “... some problems, connected with Vandermonde systems,
which traditionally have been considered to be too ill-conditioned to be attacked, actually
can be solved with good precision”.
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Fast algorithms for Vandermonde matrices Tom Bella

Some Numerical Experiments

[1 Bjorck-Pereyra algorithm. (Higham's example )

1. Nodes chosen randomly in (0, 1).

2. RHS alternating signs, [ 1 -1 1 -- }T
3. Forward error measured by
o=l
]2
L] Traub algorithm.
1. Nodes chosen randomly in (0, 1).
2. Forward error measured by
A=A,
A2
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RELATIVE ERROR

Fast algorithms for Vandermonde matrices Tom Bella

Numerical Experiments

Classical Bjorck-Pereyra & Traub Algorithms

10*
BP ] 0 Equidistant Nodes on (-1,1)
; - +mon 10 T T e ™ !
102 L - = BP+LeJa i - --?rE b 7’ : :
>< GECP 10k aub| Lo Crrrriiirriiiriiiiriiiiiiiiiiiiiios .
X 1 I : :
’
-2
100 B ~ % « % « % | 10 “Fiiiiiiiiiiiiiiiiss B itiriiiriiiriiiiriiiriiiciiiciiiiiiiiciiiicri:od
. {
%
-3 1
0 I T L
5 .
10_2 B T a_) ” Vi
=2 1o Y
¥\ > * - N2 E 10 o
// \)( _¥ 9 g 1
. 5 I
4 / 10 ki o
L X A
10 X
*— /
X // %K\\ / \\ !
\
6 K // \X/ W \*l
10 % ¥ v 4
¥
/>0€
¥
10‘8 | | | | | | |
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SIZE
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Fast algorithms for Vandermonde matrices Tom Bella

Error Analysis

Bjorck-Pereyra Algorithm

[] Higham (1990) showed that under some conditions (sign-oscillating right-hand-side and
monotonic ordering of the nodes, all of which are positive), there is a provably excellent
forward error bound:

[] Conclusion: Very good forward error is to be expected under some conditions.
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Fast algorithms for Vandermonde matrices Tom Bella

Generalizations of these algorithms

Polynomial-Vandermonde matrices

[] Definition. For sets of polynomials and nodes, define a polynomial-Vandermonde

matrix :
r={x1,22,...,T,}
R={ro(x),ri(x),...,7 1(x)}
Y
_7”0(5131) 7“1(331) 7“2(331) 7“n—1(5131)—
7”0(332) 7“1(1132) 7“2(372) Tn—1(332)
Vi(z) = | ro(zs) n $3) ro(ws) -0 ro1(z3)
L To(@n) Ti(@n) ra(@e) ccr raea(@n)

[] Note. If the polynomial system £ satisfies nice recurrence relations, then the n? entries
of Vg (x) can be defined by only O(n) parameters.
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Fast algorithms for Vandermonde matrices

Tom Bella

Previous work in fast algorithms extending those for Vandermonde

matrices

polynomial-Vandermonde matrix

Bjorck—Pereyra—type

linear system solver

Traub—type

inversion algorithm

Vandermonde
Chebyshev-Vandermonde
three-term Vandermonde

Szeg06-Vandermonde

Bjorck-Pereyra(1970)
Reichel-Opfer (1991)
Higham (1988,90)
BEGKO (2006)

Traub (1966)
Gohberg-Olshevsky (1994)
Calvetti-Reichel (1993)
Olshevsky (2001)
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Fast algorithms for Vandermonde matrices

Tom Bella

Previous work in fast algorithms extending those for Vandermonde

matrices

polynomial-Vandermonde matrix

Bjorck—Pereyra—type

linear system solver

Traub—type

inversion algorithm

Vandermonde
Chebyshev-Vandermonde
three-term Vandermonde
Szeg06-Vandermonde

Quasiseparable-Vandermonde

Bjorck-Pereyra(1970)
Reichel-Opfer (1991)
Higham (1988,90)
BEGKO (2006)
BEGKO (2007)

Traub (1966)
Gohberg-Olshevsky (1994)
Calvetti-Reichel (1993)
Olshevsky (2001)

BEGOT (2007)

BEGOTZ (2007)
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Quasiseparable matrices and polynomials Tom Bella

Quasiseparable Matrices

[] Definition. A matrix C'is (H, 1)—quasiseparable if it is upper Hessenberg and
max RankC', = 1

where the maxima are taken over all symmetric partitions of the form

* ‘012

*‘*

C:

[] Previous Work. Gohberg-Kaashoek-Lerer, Dewilde, Gohberg-Eidelman, Van Barel et
al, Tyrtyshnikov et al, Bini et al, Gu-Chandrasekaran et al.
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Quasiseparable matrices and polynomials Tom Bella

Important Special Cases

00000 0]
10000
C=10100 0
00100
00010

[ The system of polynomials 7 () = det(x/ — C}.«,) associated with C' is the mono-
mials with recurrence relations

ri(z) = xrp_q1(x)

[1 The matrix C'is ( H, 1)—quasiseparable .
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Quasiseparable matrices and polynomials Tom Bella

Important Special Cases

0|0 0 0 0|
o000
C=10[100 0
0|0 1 0 0
' 0/0 010
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Quasiseparable matrices and polynomials Tom Bella

Important Special Cases

0 0/0 0 0
1 0/0 0 0
C=|0fo0 0 0
0 01 0 0
00010
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Quasiseparable matrices and polynomials Tom Bella

Important Special Cases

o O O

Q

I
I
o o|lo —~ o
o o|l— o o
-
- olo o o
o olo o o
|
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Quasiseparable matrices and polynomials Tom Bella

Important Special Cases

(000 0 0/[0 ]
100 00
C=1010 00
00100
o0 O o

Georgia State University Page 19



Quasiseparable matrices and polynomials Tom Bella

Important Special Cases

Tridiagonal

J g 0 0 0
@ dx g2 0 0

C=10 ¢ dy g3 O

0 0 ¢ di ga
0 0 0 q ds

[] The system of polynomials rx(x) = det(xzl — C}.;) associated with C' are real
orthogonal polynomials  with recurrence relations

1 _
ro(z) = i(g;—d,{)m_l(:c) _ ggkl

ri_o(T)

[] The matrix C'is ( H, 1)—quasiseparable .
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Quasiseparable matrices and polynomials Tom Bella
Important Special Cases
Tridiagonal
dy 0O 0 O
d> g2 0 0
C=10|qg d g5 0
00 g3 di gs
00 0 q d-
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Quasiseparable matrices and polynomials Tom Bella

Important Special Cases

Tridiagonal
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Quasiseparable matrices and polynomials Tom Bella

Important Special Cases

Tridiagonal
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Quasiseparable matrices and polynomials Tom Bella

Important Special Cases

Tridiagonal
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Quasiseparable matrices and polynomials

Tom Bella

—PoP1
M1
0
0

0

—Pol1P2  —Pol1i203
—P1P2 —Pil2pP3
12 —P2p3
0 H3
0 0

Important Special Cases

Unitary Hessenberg

—Pol1fef3Ps  —Polh1 a3 [aPs
—P1H2/3P4 — P1 1243 /4405
—Pali3Pa — P33 fia s
— 3P4 — P34 P5
fa —PaPs |

[ The system of polynomials 7 (z) = det(z] — C}. ;) associated with C' are the Szegé
polynomials with recurrence relations

ri(z)

1
Hk | —Pk

[] The matrix C'is ( H, 1)—quasiseparable .

— P
1

Gho1(2) ]

xr_1(T)
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Quasiseparable matrices and polynomials Tom Bella
Important Special Cases
Unitary Hessenberg
— ol | —PoMipP2 —PolH2p3  —Polifefispa Pk R i3 faps

M1 —pP1P2 —P1H2P3 —P1H2 4304 — P12 43445
C = 0 —p5P3 —P3143P4 — P33 145

0 /13 — 3P4 —P3HaP5

0 0 14 —P1P5 ]
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Quasiseparable matrices and polynomials Tom Bella
Important Special Cases
Unitary Hessenberg
= ol PP | —PoMH2p3  —Polifefiape —PoH H2fi3iaps

M1 —pP1P2 —P1H2P3 — P1H2/4304 — P12 43445
C = 0 —P3P3 —P3H3P4 — P33 /4P5

0 — P34 —P34p5

0 —Paps ]
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Quasiseparable matrices and polynomials Tom Bella
Important Special Cases
Unitary Hessenberg
—poP1 —PoMiP2  —PoHit2P3 | —PoMafapaps  —PoMa M2/ aPs

M1 —pP1P2 —pP1H2p03 — P1H2/4304 — P12 i3[4405
C = 0 142 —P5P3 —P5143P4 — P53 a5

0 0 143 —P3P4 —P3Haps

0 0 0 Ha —P1Ps |
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Quasiseparable matrices and polynomials Tom Bella
Important Special Cases
Unitary Hessenberg
—poP1 —PoMiP2  —PoHiM2P3  —PofH2f3pa | —PoMa H2MaMaPs
M1 —pP1P2 —pP1H2p03 — P1H2/43 P4 — P12 i3[4405
= 0 —P5P3 —P5H3P4 — P53 a5
M3 — 3P4 — 3145
i 0 4 —P1P5 ]
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Quasiseparable matrices and polynomials Tom Bella
A generator representation
[] The following matrix is ( H, 1)—quasiseparable :
L di giha gibohs  gibabsha  gibobsbihs |
p2q1 o g2hs g2b3hy g2b3bahs
0 p3ge d3 gshy g3bshs
0 0 P4qs3 dy gahs
0 0 0 D5q4 ds |
[] This generator representation exists for any (H, 1)—quasiseparable matrix.
(H ; 1)—quasiseparable < Generator representation
[] Algorithms operating on generators allow use of low storage .
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Tom Bella

A Bj orck—Pereyra—like algorithm for quasiseparable—Vandermonde
matrices

Joint work with Yuli Eidelman, Israel Gohberg, Israel Koltracht, & Vadim Olshevsky
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Bjorck—Pereyra—like algorithm for quasiseparable—Vandermonde matrices

Tom Bella

Quasiseparable-Vandermonde matrices

[1 Definition. A Quasiseparable-Vandermonde matrix

ro(r1) ri(r1) 7r2(71)
ro(wra) ri(we) 72(T2)

7“0(373) Tl(ZUg) TQ(Ig)

ro(xn) T1(n) To(Th)

is of the form

7°n—1(5131)
rn-1(72)

rn-1(Z3)

Trn—1(Tn) _

where the polynomials 7 (z) = det(x/ — Cl}.) correspond to an order-one quasi-
separable Hessenberg matrix C.

Georgia State University
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Bjorck—Pereyra—like algorithm for quasiseparable—Vandermonde matrices Tom Bella

Bjorck—Pereyra—like algorithm for quasiseparable—Vandermonde
matrices

[1 Like the Bjorck—Pereyra algorithm, the generalization is based on the formula

Vel=u;t oo Lt LT

with
- _
a0
’ C I
_ . — T
U, "~ = diag{ 1, : }
0
0 0 0 L
- An—k —
[k—l i Ik—l |
1 1
1 1 _
Lk o Tp+1—Tk 11
1 —1 1
= In—T | &= .
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Bjorck—Pereyra—like algorithm for quasiseparable—Vandermonde matrices Tom Bella

Complexity of the B] orck—Pereyra—like algorithm

[] To design a fast algorithm, we need fast multiplication of ' by a vector .
The classical Bj 6rck—Pereyra algorithm (monomial case), C'is bidiagonal .
In the Szegd case, C' is unitary Hessenberg , and hence admits a convenient Schur
factorization .

[] How does one multiply a (H, 1)-quasiseparable matrix by a vector in O(n) opera-
tions?
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Bjorck—Pereyra—like algorithm for quasiseparable—Vandermonde matrices Tom Bella

Complexity of the B] orck—Pereyra—like algorithm

Proposition. An (H, 1)—quasiseparable matrix C' admits the decomposition

C=L+U
for a lower—bidiagonal matrix L and
_91 o --- 0]7o 171 o ..- 0o ]
0 . . : B! 0 h '
U — ; B 2
In—1 0 0 0
0 0 1]100 O[O 0 hy,
and
Dy ;
f?: .
I _bn—l
- I -
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Bjorck—Pereyra—like algorithm for quasiseparable—Vandermonde matrices Tom Bella

Complexity of the B] orck—Pereyra—like algorithm

[1 Thus, in the quasiseparable case, C' can be multiplied by a vector at the cost of a
multiplication by a bidiagonal matrix, two diagonal scalings, and a back—substitution with
a bidiagonal matrix.

[J This leads to an O(n) algorithm.

[] This implementation coincides with the algorithm derived differently by Eidelman and
Gohberg (1999).

[l Thus the cost of the Bjorck—Pereyra—like algorithm is O(nQ) arithmetic operations.
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Bjorck—Pereyra—like algorithm for quasiseparable—Vandermonde matrices Tom Bella

Numerical lllustrations - Bj orck-Pereyra

[1 We compare the forward error of the solutions & from MATLAB in double precision via

with z, the “exact” solution using MATLAB's vpa() command for software-implemented
arbitrary digit arithmetic.

[ ] GE - Gaussian elimination via MATLAB'’s backslash command.
BP-QS - Bjorck—Pereyra—like algorithm.

BP-QS-L - Bjorck—Pereyra—like algorithm with nodes ordered via the Leja ordering .
(Reichel, Higham)
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Bjorck—Pereyra—like algorithm for quasiseparable—Vandermonde matrices

Tom Bella

Numerical lllustrations - BP Experiment 1

Equidistant Nodes on (-1,1)

10° . ! - — —
------- BP ST |
2 || == =BP-QS ¢ - - U S -
10 BP-QS-L| - : N
. - . \ 7
4 ; - ; I,
10 _ ....... E ........... ,\_-_' ............... ]
. L
-6 : DD 7
B 10 ...................... F’/ ....... i k ...... ' e SRR -
= n-, LT
108k [4.‘5..'9.4.1’41 ..... A ]
g LN !
S ot ‘ _:;I ! |/,
h 10_10 .................... ‘:! : L.,::l .......................................... 4
S
_ 4 /7 --
lo L "l .......... , . : .................................................. .

cond(V)
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Tom Bella

Efficient recurrence relations for quasiseparable polynomials

Joint work with Yuli Eidelman, Israel Gohberg, & Vadim Olshevsky
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Efficient recurrence relations for quasiseparable polynomials

polynomial-Vandermonde matrix | Polynomials 7 ()
Vandermonde Monomials
Chebyshev-Vandermonde Chebyshev polynomials
three-term Vandermonde Real—-orthogonal polynomials
SzegoO-Vandermonde SzegO polynomials
Quasiseparable-Vandermonde Quasiseparable polynomials
i 7“0(55‘1) 7“1(35‘1) 7”2(1'1) Tn—1($1) |
7“0(33'2) 7“1(332) 7”2(332) "”n—1(33'2)
Vr(z) = | ro(zs) ri(xs) ro(ws) -+ ru—i(w3)
L To(@n) Ti@n) ra(@n) ccr raoa(@n)
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Efficient recurrence relations for quasiseparable polynomials

Tom Bella

Efficient recurrence relations for quasiseparable polynomials

polynomial-Vandermonde matrix

Polynomials 7 ()

Vandermonde
Chebyshev-Vandermonde
three-term Vandermonde

SzegoO-Vandermonde

Quasiseparable-Vandermonde

Monomials

Chebyshev polynomials
Real—-orthogonal polynomials
Szeg0 polynomials

Quasiseparable polynomials

Recurrence relations

re(r) = 27 ()

Georgia State University

Page 32



Efficient recurrence relations for quasiseparable polynomials

Tom Bella

Efficient recurrence relations for quasiseparable polynomials

polynomial-Vandermonde matrix

Polynomials 7 ()

Vandermonde
Chebyshev-Vandermonde
three-term Vandermonde

SzegoO-Vandermonde

Quasiseparable-Vandermonde

Monomials

Chebyshev polynomials
Real—-orthogonal polynomials
Szeg0 polynomials

Quasiseparable polynomials

Recurrence relations

re(r) = 2zr,_1(x) — rp_o(x)

Georgia State University
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Efficient recurrence relations for quasiseparable polynomials

polynomial-Vandermonde matrix | Polynomials 7 ()
Vandermonde Monomials
Chebyshev-Vandermonde Chebyshev polynomials
three-term Vandermonde Real—-orthogonal polynomials
SzegoO-Vandermonde SzegO polynomials
Quasiseparable-Vandermonde Quasiseparable polynomials

Recurrence relations

. i e d ) — Jk—1
ri(z) = Qk( di)rr-1()

re_ol(x
qk k2<)
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Efficient recurrence relations for quasiseparable polynomials

polynomial-Vandermonde matrix | Polynomials 7 ()
Vandermonde Monomials
Chebyshev-Vandermonde Chebyshev polynomials
three-term Vandermonde Real—-orthogonal polynomials
Szeg06-Vandermonde SzegO polynomials
Quasiseparable-Vandermonde Quasiseparable polynomials

Recurrence relations (2-term)

Gr(x) 1 1 —p Gr_1(x)

re(T) pe | —pr 1 Try—1(7)
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Efficient recurrence relations for quasiseparable polynomials

polynomial-Vandermonde matrix | Polynomials 7 ()
Vandermonde Monomials
Chebyshev-Vandermonde Chebyshev polynomials
three-term Vandermonde Real—-orthogonal polynomials
Szeg06-Vandermonde SzegO polynomials
Quasiseparable-Vandermonde Quasiseparable polynomials

Recurrence relations (3-term)

ro(z) = —— (:c + Lk ) re_r(z) — (M> - Tho()

Pr—1 Pk—1 Mk
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Efficient recurrence relations for quasiseparable polynomials

Tom Bella

Efficient recurrence relations for quasiseparable polynomials

polynomial-Vandermonde matrix

Polynomials 7 ()

Vandermonde
Chebyshev-Vandermonde
three-term Vandermonde

SzegoO-Vandermonde

Quasiseparable-Vandermonde

Monomials

Chebyshev polynomials
Real—-orthogonal polynomials
Szeg0 polynomials

Quasiseparable polynomials

Recurrence relations
PPPPPPPVPPPPPPPPPPPPPPPY
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Three-term recurrence relations.

[1 Real-orthogonal polynomials: 35, = 0
ri(r) = (apr — Op)rr—1(x) — Wrp—2()

[1 Szego polynomials (orthogonal on the unit circle): v, = 0

ro(z) = ( Lo i) rea(z) — ( Pi_ =i :1:) _—

ﬁ Pk—1 Uk Prk—1 Mk

Consider the class of polynomials satisfying more general three—term recurrence rela-
tions of the form

Tk(ﬂf) = (Oékl‘ — 5k)7”k—1($) — (@sl' T %)Tk—z(w)
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Three-term recurrence relations.

[] Real-orthogonal polynomials: | (3. | = 0

ri(z) = (apx — 0p)rp_1(x) — [ V5 re—2(x)

1 Szegd polynomials (orthogonal on the unit circle): | v | = 0

1 1 _
re(x) = (—er Pk —) re_1(x) — Pk Hk-1 x| TR_a()
Mk Pk—1 Mk Pk—1 Mk

Consider the class of polynomials satisfying more general three—term recurrence relations

of the form

ri(x) = (apx — 0p)re—1(x) — (| Br lr + 7% )re_2(x)

Georgia State University Page 34



Efficient recurrence relations for quasiseparable polynomials Tom Bella

First matrix class. Well-free matrices

Well

!

something
nonzero

Well-free < hj; # 0
L1 Irreducible tridiagonal are well-free.

[] Unitary Hessenberg are well-free.
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Well-free matrices & 3-term recurrence relations. Equivalence

ri(z) = (agr — 0 )rp_1(x)

—(Bre + ) T—2()

Well-free e 3-term
conversions
(H, 1)—quasiseparable matrix recurrence relations
{kaQkadkaglmbkahk} {&kvﬁkavka(sk}
hy # 0
Quasiseparable generators Recurrence relation coefficients

Restrictions:  hy # 0
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Subclasses of (H, 1)-quasiseparable matrices

Corresponding recurrence relations

Unitary

Tridiagonal matrices Hessenberg matrices
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Subclasses of (H, 1)-quasiseparable matrices

Corresponding recurrence relations

ﬂNeII-free matrices \

3-termr.r.

- . Unitary
\Trldlagonal matrices Hessenberg matricej
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Second matrix class. Semiseparable matrices

[1 Ris called order (7, 7y )-semiseparable if for some small 7, 7 we have
R =D +tril(Rr) + triu(Ry),
where rank Ry, = ry, rankRy =ry,  withsome Ry, Ry;.

[] Example of order (1, 1)-semiseparable :

[ a1by aiby arbs aiby | [ ady ady cds cidy ]
CLle CLQbQ CLng CLQb4 Cle ngg C2d3 ng4
RL — ) RU —
a3b1 a,3b2 a3b3 CL3b4 C3d1 ngg ngg ng4
asby  asby  asbs asby | cudy cqdy cads cydy

dl Cldg Cldg Cld4
CLle dg ngg 62d4

asby asby ds c3dy

CL4bl CL4b2 @463 d4
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Second matrix class. Semiseparable matrices

[1 Ris called order (7, 7y )-semiseparable if for some small 7, 7 we have
R =D +tril(Rr) + triu(Ry),
where rank Ry, = ry, rankRy =ry,  withsome Ry, Ry;.

[] Example of order (1, 1)-semiseparable :

[ a1by aiby arbs aiby | [ cdy ady eds cidy |
CLle CLQbQ CLng CLQb4 Cle ngg C2d3 ng4
RL — ) RU —
agbl a,3b2 a3b3 CL3b4 C3d1 ngg ngg ng4
agby  asby  asbs asby | cudy cqdy cads cydy

dl Cldg Cldg Cld4
agbl dg ngg 62d4

asby asby ds cs3dy

a4bl CL4b2 @463 d4
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Second matrix class. Semiseparable matrices

[1 Ris called order (7, 7y )-semiseparable if for some small 7, 7 we have
R =D +tril(Rr) + triu(Ry),
where rank Ry, = ry, rankRy =ry,  withsome Ry, Ry;.

[] Example of order (1, 1)-semiseparable :

[ a1by aiby arbs aiby | [ cdy cdy eds edy |
CLle CLQbQ CLng CLQb4 Cle ngg ngg ng4
RL — ) RU —
agbl a3b2 a3b3 CL3b4 C3d1 ngg ngg ng4
asby  asby asbs asby | cudy cqdy cads cydy

dl Cldg Cldg Cld4
Clgbl dg ngg ng4

agbl a3b2 dg 63d4

a4bl (14172 @463 d4
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Second matrix class. Semiseparable matrices

[1 Ris called order (7, 7y )-semiseparable if for some small 7, 7 we have
R =D +tril(Rr) + triu(Ry),
where rank Ry, = ry, rankRy =ry,  withsome Ry, Ry;.

[] Example of order (1, 1)-semiseparable :

[ a1by aiby arbs aiby | [ cdy ady cids  edy |
CLle CLQbQ CLng CLQb4 Cle ngg C2d3 ng4
RL — ) RU —
Clgbl a,3b2 a3b3 CL3b4 C3d1 ngg ngg C3d4
a4b1 CL4b2 a,4b3 Cl4b4 _ i C4d1 C4d2 C4d3 C4d4 _

dl Cldg Cldg Cld4
Clgbl dg ngg ng4

asby asby ds  c3zdy

a4bl (14172 (I4bg d4
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Semiseparable matrices & Szeg O-type 2-term recurrence relations.

Equivalence
| Gr(x) | _
] ()
[ o, B Gr—1
| Yk 1 (5kx+9k)rk_1
<~

(H : 1)—semiseparable matrix | CONversions | Szego-type recurrence relations

{Pr;> @, dis Gry by P} {ak; Brs Vi, Ok, Or )
by # 0
Quasiseparable generators Recurrence relation coefficients

Restrictions: b, # 0
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Subclasses of (H, 1)-quasiseparable matrices

Corresponding recurrence relations

((H, 1)-Semiseparablﬁ

SzegoO-type 2-term r.r.

Well-free matrices
3-term r.r.

Unitary
Hessenberg matrices

\ )

Tridiagonal matrices

Georgia State University Page 40



Efficient recurrence relations for quasiseparable polynomials Tom Bella

Third matrix class. Quasiseparable matrices & [EGOO05]-type 2-term
recurrence relations. Equivalemce.

A complete characterization of Hessenberg order-one quasiseparable matrices

| G(x) ] _
: ri(x)

Qg Bk Gr-1()
| e Ok + O ri—1(z)

<~
(H,l)—quasiseparable matrix | conversions | [EGO05]-type recurrence relations

{pkaqkadkygk:bkahk:} {@k76k77k75k;9k}

Quasiseparable generators Recurrence relation coefficients

Restrictions: NONE.
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Efficient recurrence relations for quasiseparable polynomials Tom Bella
Full Characterization of (H, 1)-quasiseparable matrices
Corresponding recurrence relations
( Strongly (H, 1)-Quasiseparable matrices \
2-term [EGOO05]-like r.r.
ﬁ], 1)-Semiseparablm
SzegoO-type 2-termr.r.
Well-free matrices
3-termr.r.
- : Unitar

Tridiagonal matrices Hessenberg )r/natrices
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Efficient recurrence relations for quasiseparable polynomials

Tom Bella

Efficient recurrence relations for quasiseparable polynomials

polynomial-Vandermonde matrix

Polynomials 7 ()

Vandermonde
Chebyshev-Vandermonde
three-term Vandermonde

SzegoO-Vandermonde

Quasiseparable-Vandermonde

Monomials

Chebyshev polynomials
Real—-orthogonal polynomials
Szeg0 polynomials

Quasiseparable polynomials

Recurrence relations

Gr(r) ar Ok
ri(z) Y 1

Gk_l(J?)
(5k33 = Qk)rk_l(a:)
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Efficient recurrence relations for quasiseparable polynomials

Tom Bella

Special cases of these recurrence relations

Matrix

Polynomial system

Shift matrix

monomials

Tridiagonal matrix

real orthogonal polynomials

Unitary Hessenberg matrix

Szeg0 polynomials
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Efficient recurrence relations for quasiseparable polynomials

Tom Bella

Special cases of these recurrence relations

Matrix

Polynomial system

Shift matrix

monomials

Tridiagonal matrix

real orthogonal polynomials

Unitary Hessenberg matrix

Szeg0 polynomials
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Efficient recurrence relations for quasiseparable polynomials

Tom Bella

pe=1, qgg =1, dg =0, g, =0, bp =0, hpy =1

91020304 h5
g203b4hs

g10203hy
P241

o O O = O
S O = O O
S = O O O
R O O O O
o O O O O
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Special cases of these recurrence relations

General three—term recurrence relations in the monomial case

re(x) = (agx — 0p) - rp_1(x) — (Brx + Vi) - Tr_2(x)

U
pe=1, g =1, d;=0, g =0, b =0, hy=1

4

ri(z) =x - rp_q1(x)
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Efficient recurrence relations for quasiseparable polynomials

Tom Bella

Special cases of these recurrence relations

Matrix

Polynomial system

Shift matrix

monomials

Tridiagonal matrix

real orthogonal polynomials

Unitary Hessenberg matrix

Szeg0 polynomials
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

di  giha  gibohs  g1b2bsha  g1b2b3bahs
p2q1  do g2h3 92b3h4 g2b3bshs

0 P3G2 ds gsha g3baihs
0 O Paqs di g4 h5
i O O 0 Ps544 (15 i
\[3

pk‘zla bk:()) hk::]-

4

di g1 0 0 O
i do g2 0 O
0 g dy g3 O
0 0 g3 di ga
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Special cases of these recurrence relations

General three—term recurrence relations in the real orthogonal polynomial case

Tk(w) — (Oék:fU — 5k) 'Tk—l(x) - (ﬁkx T %) 'Tk—z(ilf)

J
pk:]-7 bk207 hk:]-
J
1 9gk—1
re(x) = i(fﬂ—dk)rk—l( ) — - Tp—2(7)
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Efficient recurrence relations for quasiseparable polynomials

Tom Bella

Special cases of these recurrence relations

Matrix

Polynomial system

Shift matrix

monomials

Tridiagonal matrix

real orthogonal polynomials

Unitary Hessenberg matrix

Szeg0 polynomials
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Efficient recurrence relations for quasiseparable polynomials

Tom Bella

dy
P2g1
0
0
0

g1ho

g1b2h3
da gahs
P3q2 ds3
0 P4q3
0 0

g1b2b3hy  g1b20304h5
g2b3hy g2b3b4shs
g3hy g3bshs
dy gshs
D544 |

pe =1, qx = pi, dx = —pr_1Pk, Gk = Pr_1» bk = pr—1, hi = —pr—1pk

—pPoP1  —PoMiP2  —PoHiM2P3  —PoMiflal3Ps — P12z aPs
i —P1P2 —pP1H2pP3 — P71 H2 3P4 —P1H2f3 445
0 2 — P23 —Pai3pP4 — P53 145
0 0 3 — P304 — P34 P5
0 0 0 o —PaP5 ]
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Efficient recurrence relations for quasiseparable polynomials Tom Bella

Special cases of these recurrence relations

Szego—type recurrence relations in the Szeg0 polynomial case

Gk(fli) _ ar Bk Gk—1($)
ri(z) Y 1 (Orx + O)r—1 ()
J
pe=1, q = pg, dp = —PL_1Pks Gk = Ph_1; b = pr—1, g = —pr—1pk
J
Gi@) | _1[ 1 —p ][ Gl
re(T) Mk | —Pk 1 rr—1(7)
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An Application: Signal flow graphs

Tom Bella

An Application: Signal flow graphs

Szeg0 polynomials satisfy well-known two—term recurrence relations,

Gr(2) L1 —p Gi-1(x)

ri(z) ur | —pr 1 X711 ()

These can be realized as the well-known lattice structure
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Page 45



An Application: Signal flow graphs Tom Bella

Well-known lattice filter characterization of Unitary Hesenberg

[1 THEOREM: Matrix A is (almost) unitary Hessenberg if and only if polynomials
re() = det(x] — A) gk

admit the following lattice realization (with some conditions).

Go Gy
> 1- > 1‘ >
e T G
7 >'u0- »x P >’u1- »x P >
To 1
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An Application: Signal flow graphs Tom Bella
Subclasses of (H, 1)-quasiseparable matrices
Corresponding digital filter structures
/ Strongly (H, 1)-Quasi separable matrices \
guasiseparable filter structure
ﬁ], 1)-Semiseparablh
semiseparable filters
Well-free matrices
well-free filters
Unitary
Tridiagonal matrices Hessenberg matrices
lattice filters
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An Application: Signal flow graphs Tom Bella

Semiseparable filter structures

[] THEOREM: Matrix A is (H, 1)-semiseparable if and only if polynomials
re() = det(x] — A)gxp)

admit the following lattice-like realization

Go Gy Gy G
2 r r >_
® U1 1. V9 1. 1.
P2q1 P3q2 P4qs3
—3g2 —3s3 —04
_______ ﬂ ~ = = = === @ ~ = =-===m=
gi1hi b1 g2ha b2 gshs
| by _di 10, d? D By e d$ _1
! ! p2q1 ! I p3q2 I p4q3
%:[x‘: - %:[x‘: - QT:[:L’]’: ’4>
| | | | | |
() " up() “ug(x) ’
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An Application: Signal flow graphs Tom Bella

Quasiseparable filter structures

[] THEOREM: Matrix A is (H, 1)-quasiseparable if and only if polynomials
re() = det(x] — A)gxp)

admit the following lattice-like realization
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An Application: Signal flow graphs

Tom Bella

Signal flow graph for

real OP

using quasiseparable filter structure

>
i gihe  gibahs  g10203hy  g1b2b3byshs
P2qi g2hs g203h4 g203b4h5
0 p3g2 gshy g3bshs by =0
0 0 P4qs3 gahs
|0 0 0 D544
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Tom Bella

Traub—like algorithm for quasiseparable-Vandermonde matrices

Joint work with Yuli Eidelman, Israel Gohberg, Vadim Olshevsky, & Eugene Tyrtyshnikov
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Traub—like algorithm for quasiseparable-Vandermonde matrices Tom Bella

Traub—like algorithm for quasiseparable-Vandermonde matrices

[1 Traub-like algorithm . Based on the formula

- -4 -1

7“0(551) f1($1) fn—l(ilfl)
Tolx i (x R N .
Vit = ol@2) i) 1(z2) =1-V;" -diag(ci, ca, . .., Cp)
i fO(xn) 721 (an) e fn—l(xn) |

where T is the antidiagonal matrix, ¢j, = [Ti=1 (z; — x)

J7Fk

[ Risthe system of Horner—like polynomials corresponding to the polynomial system £.
(When P is the monomial basis, this is the classical Traub (1966))

[] How do we evaluate the polynomials 7, at the nodes?
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Traub—like algorithm for quasiseparable-Vandermonde matrices Tom Bella

The Classical Traub Case

Monomials, the polynomials forming V'

ri(z) =x - rp_q1(x)

Horner polynomials forming 17

?k(.flf) =X - ?]{;_1(33) -+ Pn—k
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Traub—like algorithm for quasiseparable-Vandermonde matrices Tom Bella

General three—term recurrence relations

Original polynomials forming V3

re(x) = (agx — 0p) - rp_1(x) — (Brx + Vi) - Tr_2(x)

Horner-like polynomials forming VPfl

AN

Pe(z) = (@rz — 08) - Tho1 () — (Bez + k) - Fhoa()
- akpn—k _ ﬁkpn—k—l-l

These recurrence relations may be used provided the generators of the matrix satisfy

gk;é(), k=1,2,...,n—1
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Traub—like algorithm for quasiseparable-Vandermonde matrices Tom Bella

SzegO-type two—term recurrence relations

Original polynomials forming V3
Gr(x) _ | o B Gr_1(z)
Yk 1 (51::37 + Qk)rk_l(a:)

()

Horner-like polynomials forming Vb;l

Gel@) | _ | @ B ||  Gralw)

These recurrence relations may be used provided the generators of the matrix satisfy

bk#(), k‘:2,3,...,n—1
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Traub—like algorithm for quasiseparable-Vandermonde matrices Tom Bella

[EGOO05]-type two—term recurrence relations

Original polynomials forming V3

Fi.(z) o Ok, Fi_1(2)
ri(T) Vi  Opx + O ri_1(T)

Horner-like polynomials forming VR_l

?]AZC) /’}7k Ot + 0 ?k_1<56) P, .

These recurrence relations may be used regardless of the generators of the matrix.
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Traub—like algorithm for quasiseparable-Vandermonde matrices Tom Bella

What are the coefficients [}.?

[1 The difference between the recurrence relations for the original polynomials and those
for the Horner-like polynomials is the presence of the coefficients /..

[ Py is the coefficient of 1, (x) in the decomposition of the master polynomial P (z) =
17, (z — ;) into the {7} basis:

n

][ —2) = Poro(@) + Piri() + -+ + Pora(a)

=1

[] These coefficients can be computed in ()(n?) arithmetic operations.
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Traub—like algorithm for quasiseparable-Vandermonde matrices Tom Bella

Complexity of the Traub-like algorithm

[ Each Horner-like polynomial can be evaluated at all of the nodes in (J(n) operations.

[1 The coefficients I, can be computed in O(n?) operations.

[] The total cost of the algorithm is O(nQ) operations. Comparing this to the complexity of
Gaussian elimination, O(n”), we have the algorithm is FAST!
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Traub—like algorithm for quasiseparable-Vandermonde matrices Tom Bella

Special cases of the Traub-like algorithm

[] Tridiagonal case: Using the general three—term recurrence relations reduces to the
algorithm of Calvetti-Reichel (1993).

[] Unitary Hessenberg case: Using the Szego-type two—term recurrence relations re-
duces to the algorithm of Olshevsky (2001).
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Quasiseparable Matrices and Polynomials

Tom Bella
Department of Mathematics

University of Connecticut
Storrs, CT 06269 USA

Joint work with:
Yuli Eidelman, Israel Gohberg, Israel Koltracht,

Vadim Olshevsky & Eugene Tyrtyshnikov
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Other work Tom Bella

Hadamard—-Sylvester and Pseudo—noise matrices are equivalent

Joint work with Vadim Olshevsky & Lev Sakhnovich

[] A Hadamard matrix is one whose entries are 1 and satisfy Han =nl,.
A Hadamard-Sylvester matrix  is a Hadamard matrix built from the recursion H; = [1],
H,  Hy,

H2n —
H, —H,

[] The output of a linear—shift register corresponding to a primitive polynomial is called a
Pseudo—noise sequence

A Pseudo—noise matrix is a padded, circulant Hankel matrix whose rows are Pseudo—
noise sequences.

[] Theorem. Hadamard-Sylvester matrices and Pseudo—noise matrices are equivalent ;
l.e. one can be obtained from the other via row and column permutations.
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Other work Tom Bella

Structure—preserving perturbations of matrices self-adjoint with
respect to an indefinite inner products

Joint work with Vadim Olshevsky & Upendra Prasad

[] For a Hermitian, invertible (not necessarily positive definite) matrix , one defines the
indefinite inner product via

where (-, -) denotes the Euclidean inner product.

[] One defines self-adjoint with respect to an indefinite inner product in an analogous
way to the definition for classical self-adjoint.

Euclidean Inner Product | Indefinite Inner Product

(Az,y) = (z, Ay) | |[Az,ylg = [z, Ayln

A= A" HA=A"H
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Other work Tom Bella

Structure—preserving perturbations of matrices self-adjoint with
respect to an indefinite inner products

Joint work with Vadim Olshevsky & Upendra Prasad

[] Pairs of matrices (A, H ) have a canonical form (.J, P) [Gohberg—Lancaster—Rodman
1983], with

~ ~

J=JA) @B JN) &I Dar1) @ D J(\g)

and
P=eP& - @ P.®P1®--- B P(\g)

~

where \i, ..., \q € R, J()\)is aJordan block, and J(\) = J(\) & J(\).

[ ] The matrix that reduces to this canonical form, 7" such that
T'AT=J, T*HT =P

has columns that are not only a Jordan basis of A, they also bring H into P, and we
call such a basis a canonical Jordan basis of (A, H).

Georgia State University Page 63



Other work Tom Bella

Structure—preserving perturbations of matrices self-adjoint with
respect to an indefinite inner products

Joint work with Vadim Olshevsky & Upendra Prasad

[1 Theorem. Let Ay € C"*" be a fixed Hy-selfadjoint matrix. Let

{{f(k ,S }mk Ao, ) 1}82?,]]::;111111{61‘(140—)\31)
s=1,k=

be a fixed canonical Jordan basis of Ag. There exist constants /K, d > 0 (depending on
Ay and Hj only) such that the following assertion holds. For any H -selfadjoint matrix
A such that A has the same Jordan structure as Ag and

1A = Aol + [[H — Hol| <,

there exists a canonical Jordan basis

(ANs) =03, k=dimker(A—X\,I
{{gtoy ATty T i ke AmAD

of A such that
lg=*) — f&9)| < K (|A = Ao|| + |H — Ho))

for all k, s, r within their ranges.
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